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Statistical methods play a critical
role in many areas of physics

Higgs discovery : “We have 50" |

=
(o)
O]
0
T
@
c
o
=
L

[ H-zZ" 4l
- [l Background Z+jets, i

- [ Signal (m =125 GeV)
" %/ Syst.Unc.
s =7TeV:|Ldt = 4.8 fb”

Mo
o

[ {s=8TeV:|Ldt = 5.8 b

(e ] B L | T T T T | T LI | LI | LI | LI | T T T 1
Q’
= ATLAS 2011-2012 Obs
8 (s=7TeV: |Ldt=4.6-4.8fb" - Exp. 250
— 1 m,, [GeV]
(s=8TeV: [Ldt=58591fb I+
- Tt ]
11 P = ?G 3 1 hy + DataSIBWeighted ]
107 B TN T T C o 1007 Sig+Bkg Fit (m =126.5 GeV)
..................... CE-=----9Y - - _ H ]
102 Eommnn. 20 [ - N . .
0_3 = e, W 50)’ ___________________________________ gl Bkg (4th order polynomial) -
10 5 30 g C ]
104 y - .
109 '::‘-l- -------------------------------------- 40 s 60:_ _:
0% T\ D . 40— .
107 > =
10°® -
409 e rr e e oo OO RRRRRRC R ... 3 60 - © | | | | ]
1070 2 82 :
10-11 , ; ) 45: A :E
;I SRR N T TN T T N TN T N T O T I IO I = o D‘ 1 ** . A* _________4. 11 *A** 4 3
110 115 120 125 130 135 140 145 150 5 L2 4 T A a4
m,, [GeV] 2 gE O
100 110 120 130 140 150 160
m,, [GeV]

Phys. Left. B 716 (2012) 1-29

2
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Sometimes difficult to distinguish a bona fide discovery
froon a background fluctuation...
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http://link.springer.com/article/10.1007/JHEP09%282016%29001

Uncertainties

Many important questions answered by precision measurements,
especially if no new peaks found at high mass...
Key point = determination of uncertainties
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Consistency of the SM... ... or the fate of the universe


https://arxiv.org/abs/1701.07240
http://inspirehep.net/record/1242456?ln=en

Overview

Topics covered:

«  Computing statistics results

* Inferpreting statistical results

* Understanding the measurement process (what is a systematic ?)

Prerequisites:
« Some background in High energy physics
* Some basic knowledge of stafistics — but will review the basics.

| will mostly use the “physics” nhames of statistical quantities, rather than those
used in the statistics community (“significance” and not “size of a test”, etc.)

Much of the discussion and examples have an ATLAS/CMS/LHC slant due to
my limited experience... But hopefully the concepfts should be generally
applicable.



Books and Courses

STATISTICAL KENDALL'S
D AT A Frederick James
ANALYSIS AD\fﬁSSED
Sxp““p";i STATISTICS

Alan Stuart & J. Keith Ord

FIFTH EDITION

Volume 2

CLASSICAL INFERENCE
AND RELATIONSHIP

Some courses available online:

Glen Cowan’s Cours d'Hiver and 2010 CERN Academic Training lectures
Kyle Cranmer’s CERN Academic Training lectures

Louis Lyons’and Lorenzo Moneta’s CERN Academic Training Lectures


https://indico.lal.in2p3.fr/event/1681/
https://indico.cern.ch/event/77830/
https://indico.cern.ch/event/126254/
https://indico.cern.ch/event/545212/

Outline

Statistics basics for HEP
Random processes
Probability distributions

Describing HEP measurements

Computing statistics results
Likelihoods
Estimating parameter values

Lecture 2; Testing hypotheses, Computing discovery significances, Limits
Lecture 3: Look-elsewhere effect, Profiling, Bayesian methods
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Random Processes

Statistics is the description of random processes. Where
does this come into physics results ?

Measurement
errors

Quantum
Randomness




Randomness in High-Energy Physics

Experimental data is produced by incredibly complex processes




Randomness in High-Energy Physics

Experimental data is produced by incredibly complex processes

Hard scattering

PDFs, Parton shower, Pileup
Decays

Detector response

Reconstruction
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Randomness involved in all sfages
— Classical randomness: detector reponse
— Quantum effects in production, decay



https://arxiv.org/abs/1411.4085

Measurement Errors: Energy measurement

Example: measuring the energy of a photon in a calorimeter

Calorimeter rReQdouT
Y ................................ >

Cannot predict the measured value for a given event = Random process
= Need a probabilistic description 12



Measurement Errors: Energy measurement

Example: measuring the energy of a photon in a calorimeter

Calorimeter  mmpReadout
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deposition

Perfect case
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Cannot predict the measured value for a given event = Random process
= Need a probabilistic description
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Measurement Errors: Energy measurement

Example: measuring the energy of a photon in a calorimeter

Calorimeter

Readout
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Cannot predict the measured value for a given event = Random process
= Need a probabilistic description
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Measurement Errors: Energy measurement

Example: measuring the energy of a photon in a calorimeter

Measure leakage behind calorimeter

Measure leakage _—

>

into neighboring cells
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Cannot predict the measured value for a given event = Random process

= Need a probabilistic description
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Quanium Randomness: H—-ZZ*—4l

Phys. Rev. D 91, 012006
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Quanium Randomness: H—-ZZ*—4l
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https://cds.cern.ch/record/2230893/files/Higgs4l.gif?download=1


Quanium Randomness: H—-ZZ*—4l
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Quantum randomness: “Will | get an event today ?“ — only probabilistic answer
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Randomness in Physics

Questions with probabilistic answers:

Is my Higgs-like excess just a
background fluctuation?

— associated with prob ~107 (by now ~10%4)

= above the famous (and conventional) 50

For measurements: probability that
the true value of a parameter is
within an interval:

68% chance that the true m,,

is within the orange interval
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Randomness in Physics

Particularly important for searches for new phenomena:
— Robust methods needed to control spurious “discoveries”. ..
— ... and accurately report the significance of excesses in case of surprises
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https://arxiv.org/abs/1707.04147
http://link.springer.com/article/10.1007/JHEP09%282016%29001

Example Analyses
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Example 1: Z-ee Inclusive o'

Measurement Principle:

Signal events

34865 + 187 +7 + 3

Correction C

35000 * (V35000 = 187)

0.552 3008

o [nb]

0.781 £ 0.004 + 0.008 + 0.016

‘ 175 + 8

/

data kag (81 =2) pb-l
CuL

T 0.55220.006

5l = N

Simple uncertainty propagation:

Phys. Lett. B 759 (2016) 601

ofid = 0.781 %= 0.004 (stat) = 0.008 (syst) = 0.016 (lumi) nb

— Simplest possible example in several ways
— “Single bin counting” : only data input is N

data’

— Here Gaussian assumptions

22



http://dx.doi.org/10.1016/j.physletb.2016.06.023

Example 2: itH=bb

arXiv:1712.008895
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2 107F (5=13TeV,36.1fb" [Jti+>1c [T+ 21b Et+V Event counting in different regions:
o Dilepton [INon-tt 7 Total unc. ---tiH
> 2 Il Il 'l
T 10° L pre-Fit Multiple-bin counting
10° ko
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[ S—
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Lots of information available
— How to make optimal use of it ?

Goails:

— discovery significance,

— 0 x BR measurement
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http://inspirehep.net/record/1644900

Example 3: Unbinned shape analysis

Phys. Lett. B 775 (2017) 105

> 10°g 7T 7 T 1T T '
()] = ' '
S Sy . Data Describe spectrum without
N — ] [ []
P - —— Background-only fit discrete binning
o) 3 — . . '
2 0E Spin-0 Selection — use smooth functions of
- ) . | |
102 s =13TeV, 367 fb continuous variable.
10
L 1 Unbinned shape analysis
1071 ~ _
N = How to describe the shapes ?
2 s E
2 10 3
S e = Godals:
O = =
g 05 = — Discovery significance
o -5 —
| = = O x BRmeasurements
D - | L L L 1 1 L L L L 1 1 L L L | L L L L | | - 1 "
500 1000 1500 2000 2500 — Upper limits.
m,, [GeV]
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https://arxiv.org/abs/1707.04147

Probability Distributions

25



Short reminder on Probability
Distribution functions (PDFs)
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Probability Distributions

Probabilistic treatment of possible outcomes
= Probability Distribution

Example: two-coin toss 1 trials
— Fractions of events in each bin | T
converge fo a limif p 0.8/
0.61
Probability distribution : 0.4:_
{P.}fori=0,1,2 !
0.2F
- 0.00 0.00 1.00
Properties % 05 1 15 2 525
« P>0
« IP=]

3
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Probability Distributions

Probabilistic treatment of possible outcomes

= Probability Distribution

Example: two-coin toss

— Fractions of events in each bin i
converge fo a limif p

Probability distribution :
{P.}fori=0,1,2

Properties
« P>0

. IP=]

5 trials

3_

250

2__

150

e

050

0.20 0.60 0.20

| T T T [ U W [N N T W W (N TN TN NN AN TANN TN TN T NN S AN
%05 15 2 25 3

Number of heads
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Probability Distributions

Probabilistic treatment of possible outcomes

= Probability Distribution

Example: two-coin toss

— Fractions of events in each bin i
converge fo a limif p

Probability distribution :
{P.}fori=0,1,2

Properties
« P>0

. IP=]

20

10

100 trials

50F
a0t

30F

0.24 0.56
I

0.20

05 "1 15

[ R R
2 25 3
Number of heads
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Probability Distributions

Probabilistic treatment of possible outcomes
= Probability Distribution

Example: two-coin toss 100000 trials
— Fractions of eventsin each bini ~ °%%%F
converge fo a limif p 40000
30000
PrObCIbI!Ify distribution : 200001
{P.}fori=0,1,2 '
10000F
- 0.25 0.50 0.25
Properties Y05 1 15 2 25 3

« P>0
« IP=1

Number of heads
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Continuous Variables: PDFs

Continuous variable: can consider per-bin probabilities p,, i=1.. n

bins

5 bins

0.7F
0.6|-
0.5F
0.4f
0.3F
0.2
0.1

Bin size — O : Probability distribution function P(x)
— High values < high chance to get a measurement here
- PX) >0
- [P dx =1

Generalizes to multiple variables : | P(x,y) dx dy = 1
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Continuous Variables: PDFs

Continuous variable: can consider per-bin probabilities p,, i=1.. n

bins

50 bins

Bin size — O : Probability distribution function P(x)
— High values < high chance to get a measurement here
- PX) >0
- [P dx =1

Generalizes to multiple variables : | P(x,y) dx dy = 1
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Continuous Variables: PDFs

Continuous variable: can consider per-bin probabilities p,, i=1.. n

bins

500 bins

Bin size — O : Probability distribution function P(x)
— High values < high chance to get a measurement here
- PX) >0
- [P dx =1

Generalizes to multiple variables : | P(x,y) dx dy = 1
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Continuous Variables: PDFs

Continuous variable: can consider per-bin probabilities p,, i=1.. n

bins

15
y %
12% Contours:
o P(x,y)
5
10F
155

Bin size — O : Probability distribution function P(x)

— High values < high chance to get a measurement here
- PX) >0
- [ PX)dx =1

Generalizes to multiple variables : | P(x,y) dx dy = 1
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PDF Properties: Mean PDF Mean

E(X) = <X> : Mean of X — expected oufcome
on average over many measurements

(x) = Z X; P; or

(x) = f xP (x) dx

— Property of the PDF

PDF Mean Sample Mean

1
For measurements x,... X_, !
then can compute the Sample mean: 0.8
1 0.6
x=13 |
n i 0.4:— ,\
— Property of the sample 0.2[ \\
— approximates the PDF mean. e A AR AN .
U329 0 1 2 3 4

35



PDF Properties: Variance

Variance of x: 03

Var (x)=((x = (x))")
— Average square of deviation from mean 0.1
— RMS(x) = WWar(x) = o, standard deviafion o NS

oS
[9)]
| \ \ | | \ | |

w
N
—_
o Y| PSR g
-
\V]
w

Can be approximated by sample variance:

o’ = 1 Z (Xi_y‘)z

Covariance of x and y:

Cov(x)=((x—(x))(y = (»))

— Large if variations of x, y are “synchronized”
« Cov(x,y) > 0if xandy vary in the same direction Cov (x y)
« Cov(x,y) < 0if xandy vary in opposite direction Y =

. . «/Var(x)Var(y)
« Cov(x,y) =0if xand y vary independently 36

X

Correlation coefficient




PDF Properties: Variance

0.4 :
_ 0.35F :
Variance of x: 0.3[ :
> 0.25F : S
Var(x)={(x — (x))*) 0.2 o
0.15F ; '
— Average square of deviation from mean 01f L
0.05F : !
— RMS(x) = WWar(x) = o, standard deviafion N ATREEREII SR N,
Can be approximated by sample variance:
1 15E Q
A2 —\2 10—
o = X:—X :
n—1 Z, ( ’ )
Y %
Covariance of x and y: ¥
40%%_\\. —

B SR e e T e i A T
6 4 2 0 2 4 6 8 10

=]

Cov(x)=( (x = (x))(y = {¥)))

— Large if variations of x, y are “synchronized”
« Cov(x,y) > 0if xandy vary in the same direction Cov (x y)
« Cov(x,y) < 0if xandy vary in opposite direction Y =

. . «/Var(x)Var(y)
« Cov(x,y) =0if xand y vary independently 37
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PDF Properties: Variance

Variance of x: 03

Var (x)=((x = (x))")
— Average square of deviation from mean 0.1
— RMS(x) = WWar(x) = o, standard deviafion o NS

oS
[\¥) ¢
[9)]

| \ \ | | \ | |

Can be approximated by sample variance:

o’ = 1 Z (Xi_y‘)z

Covariance of x and y:

Cov(x)=( (X — (x))(y — <)’>) )

— Large if variations of x, y are “synchronized”
« Cov(x,y) > 0if xandy vary in the same direction Cov (x y)
« Cov(x,y) < 0if xandy vary in opposite direction Y =

. . «/Var(x)Var(y)
« Cov(x,y) =0if xand y vary independently 28
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Gaussian PDF

Gaussian distribution:

1 _(X_Xo)2
G(x;X,,0)= e °°
ovV2Tm
- Mean : X,
— Variance : 0? (= RMS = 0)
Generalize to N dimensions: G(x; XO,C)=

- Mean: X0
— Covariance matrix :

.Var(xl) Cov(x,,X,)
Cov(x,,x,) Var(x,)

2
o YO, 0,

Xy
2

X,

C =

Yy0,0, O

X

2

0.4F
0.35
0.3
0.25
0.2
0.15
0.1
0.05

L|mm N =N B B =N = =

1 — 2 (x=X,) € (x-X)

(

23'5|C|)N/2
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Gaussian Quantiles ,

P(Ix-=Xx,| > Z0O)

0.327

0.045

0.003
6 x 10”7

P(Ix - x | < 10) = 68.3 %

Probability to be away from the Gaussian mean: !
2
. _ X— XO w ul/u

Consider z = 5 P 3
P depends only on z ~ G(0,1) S

Gaussian Cumulative Distribution Function (CDF) :
z 0.4f
(I)(Z) = f_w G(u;0,1) du 0.35¢
0.3t
In ROOT, 0.25
Z—®P : ROOT: :Math: :gaussian_cdf(p) 0-2;
$—z:RO0T: :Math::gaussian_quantile(p, 1) 0'15:
and add _c to use 1-® instead of ¢ 0-1
0.05f
root [0] ::Math::gaussian cdf(1) - : :Math::gaussian cdf(-1) O:

(double) 0.68268949

root [1] ::Math::gaussian _quantile c(0.05/2, 1)
(double) 1.9599640




Gaussian Quantiles ,

P(Ix-=Xx,| > Z0O)

0.327

0.045

0.003
6 x 10”7

P(]x - x0| < 20)=95.4%

Probability to be away from the Gaussian mean: !
2
. _ X— XO w ul/u

Consider z = 5 P 3
P depends only on z ~ G(0,1) S

Gaussian Cumulative Distribution Function (CDF) :
2 0.4
(I)(Z) = f_w G(u;0,1) du 0.35
0.3f
In ROOT, 0.25
z—<P : ROOT: :Math: :gaussian_cdf(p) 0.2¢
$—z:RO0T: :Math::gaussian_quantile(p,1) 0-155
and add _c to use 1-¢ instead of ¢ 0-1;
0.05F
root [0] ::Math::gaussian cdf(1) - : :Math::gaussian cdf(-1) 0:

(double) 0.68268949

root [1] ::Math::gaussian _quantile c(0.05/2, 1)
(double) 1.9599640




Gaussian Quantiles

/ P(Ix-=Xx,| > Z0O)

Probability to be away from the Gaussian mean: 0.327

— X 2 0.045

Consider z=|—g 0 pull 3 0.003

-7
P depends only on z ~ G(0,1) S 6x10
Gaussion Cumulative Distribution Function (CDF) : P(x - x | < 30) = 99.7 %

z 0.4
CIJ(z) = f_w G(u;O,l) du 0.35
0.3}
In ROOT, 0.25p
z—$ : ROOT: :Math: :gaussian_cdf(p) 0.2¢
$—z:RO0T: :Math: :gaussian_quantile(p,1) 0-155
and add _c to use 1-¢ instead of ¢ 0.7
0.05f
root [0] ::Math::gaussian cdf(1) - : :Math::gaussian cdf(-1) O:

(double) 0.68268949

root [1] ::Math::gaussian _quantile c(0.05/2, 1)
(double) 1.9599640




Chi-squared

Multiple Independent Gaussians:
Define

Measures global distance from
reference point (x.,°.... X %) -

Distribution depends on n :
0.3

Rule of thumb: x°/n should be < 1 0522
0.15

Exact distributions in ROOT: 0.1

ROOT: :Math: :chisquared_ pdfg n) o0.05
ROOT: :Math::chisquared_cdf n 0

root [0] :Math::chisquared cdf(1, 1) g
(double) ©. huhhuq41

root [1] : :Math::chisquared cdf(4, 1)
(double) [}.954499?4 43




Chi-squared

Multiple Independent Gaussians:

U-I_IIII|IIII|I\IIIIIII|III\|IIII

Define
n X, — XO 2
_ i i
X = Z o
i=1 I
Measures global distance from
reference point (x, .... x 0 < 05 .
= 0.45 =
o . 0.4F =
Distrioution depends onn : 0350 E
0.3F =
Rule of thumb: y°/n should be < 1 Of:g— E
0.15] =
Exact distributions in ROQOT: 0.1 E
ROOT: :Math::chisquared_ pdfg ng 0.05 —
ROOT: :Math::chisquared_cdf n A . =
0 4
root [0] :Math::chisquared cdf(1, 1) xé/n

(double) ©. huhhuq41

root [1] : :Math::chisquared cdf(4, 1)
(double) 0.954499?4

=N
N



Histogram Chi-squared

Histogram x2 with respect to a reference shape:
* Assume an independent Gaussian distribution in each bin
* Degrees of freedom = (number of bins) — (number of fit parameters)

6_| (L L™ = L L LI L L | L | LI | (L I_ -
i o n=10 ] B!.UEshCl)stogrqm
- 2 . | X = 0.
1T X e 1 98% v
E 1 X2 — 25 7 : P(x*=3.0, n=10) = 96%
4 -1 T -
- | 4 BLUE histogram
3__ | ] ¢ [ - ] X2 = 25.7
;._- ..................... | ol Tt & } N YR ! AR ; p(X2=25,7l nz]O) = 0_40/0 x
2 :_ 1 4 = 1 _ ® _:
1:_ " ) l "_: root [0] : :Math: :chisquared cdf c(3, 10)
n - (double) 0.98142406
| L - r;'gzuc?t [11 _ r_w::rﬂaaz_t;_:.:::::I'misquareci cdf c(25.7, 10)
0_||||||||||||||||||||||||||||||||||||||||||||||||_ kHpubitol 88041852214

o 1 2 3 4 5 6 7 8 9

—_
o
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Ceniral Limit Theorem (") Assuming o, < e

and ofher regularity
condifions

For an observable X with any distribution, one has(*)
n
_ 1 n=» o GX
X = _in ~ G( (X), _)
n,;— \/71

What this means:

* The average of many measurements is always Gaussian, whatever the
distribution for a single measurement

* The mean of the Gaussian is the average of the single measurements

« The RMS of the Gaussian decreases as Vn : less fluctuations when averaging
over many measurements

Anoth on, k
forthe surme Y x, "~ G(n(x), Vno))
i=1

Mean scales like n, but RMS only like vn
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Central Limit Theorem in action

Draw events from a x? distribution (for illustration only)

]
A n=1
0.8]

0.6]
0.4}

0.2

0

RN R R A N NN S B AN R | e | by by
04" 080604020 02040608 1

X

Distribution becomes Gaussian, although very non-Gaussian originally

Distribution becomes narrower as expected (as 1/vn) 47



Central Limit Theorem in action

Draw events from a x? distribution (for illustration only)

1

: n=2
081 0.035F
0.6/ -

B 0.03
0.4} N
02? 0.025:—

O1 -0.8-06-04-02 0 0204 06 0.8 1 002;_
0.015F
0.01F
X —Z X, — 0.005}
n; i=1 oL

e o L L by b b b Ly
-1 -0.8-0.6-0.4-0.2 0 0.2 0.4 0.6 0.8 1
X

Distribution becomes Gaussian, although very non-Gaussian originally

Distribution becomes narrower as expected (as 1/vn) 48



Central Limit Theorem in action

Draw events from a x? distribution (for illustration only)

1

: n=>5
r 0.03F
0.6] N
0.4f 0.025p
02 0.02}
01 -0.8-0.6-04-02 0 0204 06 0.8 1 0015:_
0.01F
15 5
% _Z X, . 0.0051
n i=1 0:

o L L b b b b B
-1 -0.8-0.6-04-0.2 0 0.2 0.4 0.6 0.8 1
X

Distribution becomes Gaussian, although very non-Gaussian originally

Distribution becomes narrower as expected (as 1/vn) 49



Central Limit Theorem in action

Draw events from a x? distribution (for illustration only)

1 n=238

0.8]

0.6]

0.03
0.025
0.02
0.015
0.01

n
lzxi — 0.005
ni=1 . .
03080604020 02040608 1

X

0.4}

0.2

o

-1 -0.8-0.6-0.4-02 0 0.2 04 0.6 0.8 1

~<l

Distribution becomes Gaussian, although very non-Gaussian originally

Distribution becomes narrower as expected (as 1/vn) 50



Central Limit Theorem in action

Draw events from a x? distribution (for illustration only)

1

n=12

0.8]

0.035
0.03
0.025
'1-0.8-06-04-02 0 0.2 0.4 0.6 0.8 1 0.02
0.015
0.01

—ZX — (.005
nll
037080604020 02040608 1

X

0.6]
0.4}

0.2

o

~<l

Distribution becomes Gaussian, although very non-Gaussian originally

Distribution becomes narrower as expected (as 1/vn) 5



Central Limit Theorem in action

Draw events from a x? distribution (for illustration only)

1

n=20

0.8]

0.045
0.04
0.035
0.03
}1708-060402 0 0204 0608 1 0.025
0.02
0.015

1 0.01
— ; X; = 0.005

i=1
03080604020 00040608 1

0.6]
0.4}

0.2

o

~<l

Distribution becomes Gaussian, although very non-Gaussian originally

Distribution becomes narrower as expected (as 1/vn) 5



Central Limit Theorem in action

Draw events from a x? distribution (for illustration only)

‘ n =50

0.8]

0.07
0.06
0.05

0.6]
0.4}

0.2

o

-1 -0.8-0.6-0.4-02 0 0.2 04 0.6 0.8 1 004

0.03
0.02

——}:;( — 001

nll oC
-1 -080604020 02040608 1

~<l

Distribution becomes Gaussian, although very non-Gaussian originally

Distribution becomes narrower as expected (as 1/vn) 53



Central Limit Theorem in action

Draw events from a x? distribution (for illustration only)

1
o.sf
0.65
0.4]

0.2

01 -0.8-0.6-04-02 0 0.2 04 0.6 0.8 1

n
1
_Z X; >
n i=1

n=100

0.1

0.08

0.06

0.04

0.02

IR IR T RN TR S AR T T T T TN T A AT
03" 080604020 02040608 1

X

Distribution becomes Gaussian, although very non-Gaussian originally

Distribution becomes narrower as expected (as 1/vn)

54



Outline

Describing HEP measurements
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Describing HEP measurements
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Statistical Model

Goal:

Describe the random process by
which the data was obtained. e

— Build a Statistical Model

Ingredients:

1. Statistical description of the random aspects
= Probability distributions

2. Assumptions on the underlying
statistical processes (physics, etc.)
— Uncertainties on the assumptions
themselves: systematic uncertainties

Hard scattering

Decays

Detector response

Reconstruction

"Systematic uncertainty is, in any
statistical inference procedure,
the uncertainty due to the
incomplete knowledge of the
probability distribution of the
observables.

G. Punzi, What is systematics ?

Statistical results can only be as accurate as the model itself !
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https://www-cdf.fnal.gov/physics/statistics/notes/punzi-systdef.ps

Counting events

Consider N total events, select good events with probability P.
Probability o get n good events ?

Binomial distribution : P ( n; N, P) — CX, P" ( 1— P)N—n
Mean = NP N trials

Variance = N-P(1 - P) _— I —

\ A
\ n good events /

However suppose P 1, N> 1, andlet A =NP:
— j.e. very rare process, but very many trials so still expect to see good events

n
: - : "y
Poisson distribution:  P(n;\)=e 7“—,
Mean = A T n. )
Variance = A = RMS = A (1-p)" " "%F (1—%) Nl

}

Uncertainty of YN on N expected events
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Rare Processes ?

HEP : almost always use Poisson
distributions. Why ?

ATLAS
* Eventrate ~ 1 GHz

(L~10** cm*s'~10 nb''/s, o, ,~10° nb, )
« Trigger rate ~ 1 kHz

(Higgs rate ~ 0.1 Hz)
=P~10°<1(P,,, ~ 10"

A day of data: N ~ 104> 1
= Poisson regime!

(Large N = design requirement,
to get not-too-small A=NP...)

proton - (anti)proton cross sections

10° b

10' [

10° |

10‘5 ;_ MH=1 25 Ge‘b"{

[ wyszo12

Gtm

Tevatron éLHC 5

-
-
<
=

- W.J. Stirling, p
. communicati

O

Oyer

rivate.
on .

1
Vs (TeV)

events / sec for ~ = 10 em™>s™



Poisson Distributions P(n:\)=e" A"

A =05 n!

0.6;=
0 53_ A . expected
F number of events
0.4
0.3 Mean = A
0_2; Variance = A

: o=\
0.1 _L

00 5HH10HH15HH2OHI|25HH30

* Discrete distribution (infegers only), asymmetric for smaill A
* Typical variation (RMS) of n events is Yn
* Central limit theorem : becomes Gaussian for large A :

A= o

P(A) & G(A,VA)
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Poisson Distributions

A=1

0.35
0.3
0.25
0.2
0.15
0.1
0.05

L

o=

5

10

15

20

25

30

P(n;?»)ze_”—“i

Yn!

A . expected
number of events

Mean = A
Variance = A
o =)\

* Discrete distribution (integers only), asymmetric for small A

* Typical variation (RMS) of n events is vn

* Central limit theorem : becomes Gaussian for large A :

A= o

P(A) & G(A,VA)
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Poisson Distributions P(n:\)=e" A"

/
A=3 I”-
_L A . expected
number of events
Mean = A

Variance = A
o =)\

0.22

0.2
0.18
0.16
0.14
0.12

0.1
0.08
0.06
0.04
0.02

~5 10 15 20 25 30

o=

* Discrete distribution (infegers only), asymmetric for smaill A
* Typical variation (RMS) of n events is Yn
* Central limit theorem : becomes Gaussian for large A :

A= o

P(A) & G(A,VA)
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Poisson Distributions P(n:\)=e" A"

I
A=5 I”-

0.18
0.16
0.14
0.12

0.1
0.08
0.06
0.04
0.02

A . expected
number of events

Mean = A
Variance = A
o =)\

~5 10 15 20 25 30

P

* Discrete distribution (infegers only), asymmetric for smaill A
* Typical variation (RMS) of n events is Yn
* Central limit theorem : becomes Gaussian for large A :

A= o

P(A) & G(A,VA)
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Poisson Distributions P(n:\)=e" A"

A =10 Y n!

0.12

- A . expected

0'1;_ number of events

0.08F

i Variance = A
0.04

- O = \/)\
0.02(

% 25 30

* Discrete distribution (infegers only), asymmetric for smaill A
* Typical variation (RMS) of n events is Yn
* Central limit theorem : becomes Gaussian for large A :

A= o

P(A) & G(A,VA)
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Poisson Distributions P(n:\)=e" A"

A = 20 I”-’

0.09
0.08
0.07
0.06
0.05
0.04
0.03
0.02
0.01

A . expected
number of events

Mean = A
Variance = A
o =)\

~5 10 15 20 25 30

3

* Discrete distribution (infegers only), asymmetric for smaill A
* Typical variation (RMS) of n events is Yn
* Central limit theorem : becomes Gaussian for large A :

A= o

P(A) & G(A,VA)
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Statistical Model for Counting ,.x

Counting experiment: 0.16]

observable: a number of evenis n 0.12
— describe by a Poisson distribution 0.08F

o
—
R R A LRAN LN AN EELNLARN RN LA

P(n;A)=e A 002

n! Y5 10 15 20 25 30

Typically both signal and background expected:

n
P ( n:s B) — e—(S + B) (S + B) S . # of events from signal process
7 n! B : # of events from bkg. process(es)

We have assumed a Poisson distribution for n : This is our model, based on
physics knowledge (but usually a very safe one).

Model has parameters S and B. B can be known a priori or not (S usually not...)

— Example: can assume B is known, use the measured n to find out about the

parameter S.
I—» usually up to uncertainties — systematics
67



Z—=ee Inclusive ofd

Measurement Principle:

35000 * (V35000 = 187)

/

fid_ Maaa™ N big

O =
Cﬁd L

T 0.55220.006

175+ 8

/

81 = 2) pb!

Simple uncertainty propagation:

Signal events

34865 + 187 +7 + 3

Correction C

0.552 %5 0os

o [nb]

0.781 £ 0.004 + 0.008 + 0.016

Phys. Lett. B 759 (2016) 601

ofid = 0.781 %= 0.004 (stat) = 0.008 (syst) = 0.016 (lumi) nb

— Simplest possible example in several ways

— “Single bin counting” : only data input is N

— Describe using Poisson distribution, or Gaussian for large n

data’

data 68




Unbinned Shape Analysis B
Observable: set of values m,... m_, one per event : 0::
— Describe shape of the distribution of m ;f 005
— Deduce the probability to observe m.... m_ o io i i N
o S ooeq
H-yy-inspired example: 2 oogf slope a
* Gaussian signal Psignal(m) = G(m; mg,O ) U 0.0151
 Exponentialbkg P.(m)=a e " 2 oot
P 9 Pug(m) § ooos. Background
Expected yields : S, B
= Total PDF for a single event: P Y foo 07200040 TR o
S _ 2 f
P,...(m)= G\ m;m,,c)+ oae " 5 0025,
total( ) S+ B ( ) H)> ) S+ B g 0.022
3 0,015
% 0.01
= Total PDF for a dataset Probability to observe 5 oo Total
Probability to observe n events  the value m, l fooi0 720" 730" 40150 ico
‘ S+B)" 1 S B
P({mi}i=1...n) =e ™ )( ) G(mi;mH’O) t ae ™
n! -7 S+B S+B 69


http://dx.doi.org/10.1016/j.physletb.2016.06.023

L
3

E weights / GeV

2 weights - fitted bkg

700

600

500

400

300

200

100

I
o

)]
o

|
N
o

ATLAS-CONF-2017-045

||I|I||I|IJ_

¢ Data

------ Background
—— Signal + Background

— Signal

T I T | I I T T | T T T T
ATLAS Preliminary
(s =13 TeV, 36.1 fb
m, = 125.09 GeV

In(1+S/B) weighted sum

ol I||I|I|I|I|I|||II|||I|I|I||I|I||I|I|




The Halfway Option: Binned Shape Analysis

Instead of using m,...m_directly, can build a histogram n...

— N number of bins Per-bin fractions (=shapes)

of Signal and Background

.
~(Sfs +Bfy.,) (SfS,i+B fB,i) i
n.!

1

Events / bin

—.

P~y
Il
[y

e

\

—

—~—
Poisson distribution in each bin

Data / Pred.

N=1: Counting analysis

Ny,

600} ATLAS o Data mtiH

{s=13TeV, 36.1 b
[ Dilepton

500 SR%‘”

| Post-Fit

[Jtt + light  tt + >1¢
Wit +>1b mtt+V

[JNon-tt 7~ Total unc.
---ttH (norm)

1 /f///f//ﬁ/%/////%///@@%?@;%ﬁw
0. q

0.5 . . . . . . : . .
-1 -08 -06 -04 -02 O 02 04 06 0.8 1
Classification BDT output

N—=0: Unbinned shape analysis (the fractions become PDF values)

Shapes specified through f, f, rather than P (m), P, (m)

® Obtained directly from MC, no need to define continuous PDFs.
© MC stat fluctuations can create artefacts, especially for S<B.

— discussed in more detail on Wednesday
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https://atlas.web.cern.ch/Atlas/GROUPS/PHYSICS/CONFNOTES/ATLAS-CONF-2017-045/

Summary: How to describe data

Description Observable Likelihood
Counting n : measured number  Poisson P(n:s,B)= ¢S (S+ B)"
of events S n!
S, B : expected signal & background
Binned shape N IEY I\ Poisson product
STEhRS measured eventsin (n.:S.B) = i—[ speanr (S I8+ BfE)
each bin. Mis o, B = e ¢ n,!
S, B . expected signal & background
ffie. foka.: fraction of sig & bkg in each bin
Unbinned m,i=l.n_, : Extended Unbinned Likelihood
SUEFR G IElES observable value o (S+B) fee
for each event P(m;;S,B)= - HSPs1g( )+BPbkg( y

evts ° i=1

S, B . expected signal & background
Psig, Pbkg : PDFs for m in signal and bkg. 72




Model Parameters

Model typically includes:

 Parameters of interest (POIs) : what we want to measure
— S, oxB, m,, ...

* Nuisance parameters (NPs) : other parameters needed to define the model
— B

— For binned data, fe., foka

L B I L I IR I I I RN
35: ATLAS ]

30 VBF tight {s=13TeV,36.1 0"
x2/ndof = 30.7/48 7
251 =
C —e— Data
Background model
——— Signal x 20

e

Entries / GeV

— For unbinned data, parameters needed
fo define P, 20-

e.g. exponential slope a of H-uu background. sk

- fit

NPs must be either
— known a priori (possibly within systematics) or ] ++++ ++;++;++u HJ Hewd wohid ﬁ + ;4;
— constrained by the data (e.g. in sidebands) _i

110 115120 125130 135 140 145 150 155 160
my, [GeV]

Phys. Rev. Lett. 119 (2017) 051802 73

o (data)

Data




T
ATLAS

T T T
¢ Data WtH [ ]tt + light

Categories
10° ¥ Pre-Fit
g arXiv:1712.008895
Multiple analysis regions often used: 12 *

Multiple decay modes

G R

* Multiple kinematic selections, efc. 0P
— Useful fo model these separately if ;
- Better sensitivity in some regions (avoids dilution)
* Some regions can constrain NPs

— e.9g. Contfrol regions for backgrounds
= Analysis categories : PDF for category k ’

ncats i

P(s;(n Y0 = [T i s5(n)

[}
=
o

No overlaps between categories = No stat. correlations
= can simply fake product of PDFs.

Data / d

. CR >ur >q; >q; = £
C/?fi{é 1) Rf}:zghr C/?t?fjéy SRE Y Sﬁéqj S/?r Kl
T T T T T T T
600 ATLAS oPata M
B 1 Ottt + light  [Jtt + >1c
\(E._13TeV,36.1 fb Ptt+>1b  mtt+V
500} Dlliajton [JNon-tt 7/ Total unc.
SR3 ---ttH (norm)
Post-Fit
400
300

200¢

100

0\\\‘\\\‘\\\|||\‘\\\\\\

1.25 :
/%///f//?/f/////-////f@@éﬁ@?@;‘g{M

1
0.75

05 ‘ ‘ : ‘ : : : : :
-1 -08 -06 -04 -02 0 02 04 06 08 1

Classification BDT output

— Similar to a-posteriori combination of the various regions, but allows proper

handling of correlated parameters (e.g. systematics).
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http://inspirehep.net/record/1599399

Categories for H=Yyy Property Measurements

Categories also useful to provide measurements of separate kinematic regions
— e.g. differential cross-section measurements

ATLAS Prellmlnary H = ry,m, = 12509 GeV

g bbH[ T & & & * ¢ W
tHW ...........
2 thb‘*::::::::::: 0.9
8 fH [Tt it 1 i
o gg — Hll (= 1-jet, p! =150 GeV :
gg — Hll (0-jet, p¥ = 150 GeV S | A 0.8
wn gg — Hll (p¥ < 150 GeV ‘ ]
> qq — Hil (p¥ =250 GeV --'_-.._
(I,—) qq — Hil (= 1-jet, 150 <p¥ <250 GeV) [ & i iriii iy B B R 0.7
aq — Hil (pY <150 GeV : ._l“,

qq — Hiv (pY =250 GeV
qq — Hiv (= 1-jet, 150 < p! <250 GeV
qq — Hlv (0-jet, 150 = pY <250 GeV

) |
) |
) |
;
qq — Hll (0-jet, 150 < p? <250 GeVg
) |
) |
) |
) |
) |

£ RERN R REAN o l F H— vy Properties

c
} =
c qq = Hiv (py <150 GeV) | = © 0.5
qq — Haq (p! =200 GeV G ] E '
b — aq — Haq (rest) [~ I [ e Medsurel | IenT
> W GRS e W R 0.4
qq — Hqq IKe, 3-j& . : : ] ¢ : e '
= o = e (VB ke, aipt oty 77l (ATLAS-CONF-2017-045)
ag -like, 3-jet) | 3 :
ro ooH S ke M L L B N 0.3
m ggH (= 2-jet, p} =200 GeV) : : ‘ 3 3 B : Mo I
— ggH (= 2-jet, 120 = p? <200 GeV) | = i m i mm | N . T
q, ggH (= 2-jet, 60 < p? <120 GeV) i 1 3 fia ‘ ) 0.2
rrheianieg o] BRSNS BN L S BRE
O ggH (1-jet, pi =200 GeV) i g 1 i iR s
P ggH (1-jet, 120 <p* <200 GeV) | © 1 '@ il 0 1
U ggH (1-jet, 60 < p# <120 GeV) ; : s
e JB N . FHRe
- ggH (0-jet) RO S 0
£ f, 8.5 OF i 0 MHMANT QT O
Gauuud5gos 68N EEEREEE
8355655 C I I0ScanaldL g
N=—CccTo o832 8T8 TcTTT" 00 H -
TerooBiLLfESIfERRE 22 <—— Analysis Selections
39286IS I ==z =%
mmmmm o= 825 §§>> EEEE
LLmILL
§>§§ Category

Most categories aimed at one parficular truth region
— adlso cross-feed from other regions (detector acceptance, pileup, etc.)

= Combined analysis for optimal use of all information 75


http://inspirehep.net/record/1644900

Model Example: H=yy Discovery Analysis

T RIS e R e
Signal ~=Z - jﬂ;—u\ﬂ_\m‘__\\——:{.g_}: e gt Signal
Normalization e 4 % ==l Shape
Background %
9 ~ Parameters

Parameters 76



https://atlas.web.cern.ch/Atlas/GROUPS/PHYSICS/CONFNOTES/ATLAS-CONF-2017-045/

ATLAS Higgs Combination Model

L

TR
S “

W. Verkerke, SOS 2014

Atlas Higgs combination model (23.000 functions, 1600
parameters)

// f Model has ~23.000 function objects, ~1600 parameters
/ /}‘ ‘ Reading/writing of full model takes ~4 seconds
ROOT file with workspace is ~6 Mb
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Technical Implementation

Implemented in ROOT using the RooFit/RooStats/HistFactory toolkits

« C++ classes for PDFs, formulas, variables, etc.

* Numerical methods: convolutions, automatic computation of normalization
factors. Analytical evaluation used when possible

« Template morphing

Projection of haig_plus

%0 82 B4 86 B 90 , %4 96 93 100

« Storage in RooWorkspace structures within ROOT files
— Standard tools in LHC experiments, used in similar ways in ATLAS and CMS

Realistic models can be quite complex: ATLAS+CMS Higgs couplings comb. :

* 20 POls, 4200 parameters, 600 categories

* > /7 GB memory footprint

* Time for 1 MINUIT fit ~ O(few hours) 78


https://indico.in2p3.fr/event/9742/contribution/16/material/1/0.pdf

Takeaways

HEP data is produced through random processes, r 3‘4".'.3
Need to be described using a stafistical model:

Description Observable Likelihood

Counting Poisson P(n:S,B)
n,o, —e

n!
Binned shape  FIES NI Poisson product .
lysis Bt isreanp (S i+ B )"
analy P(n .S B)ZHB (Sfi*+Bf* L !
v i=1 n;!
Unbinned m,i=1.n_, Extended Unbinned Likelihood
shape analysis —(S+B) Mews
P(m.;S,B)= H S P, (m)+B Py, (m,)
EVtS

Model can include multiple categories, each with a separate description
Includes parameters of interest (POls) but also nuisance parameters (NPs)

Next step: use the model to obtain information on the POls o



Outline

Computing statistics results
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Computing Statistical Results

Cowan, Cranmer, Gross & Vitells, Eur.Phys.J.C71:1554,201 1
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Overview

What we have so far:
« Observed data

« Statistical model : P(data; parameters)

e 'Data
[l Background zz"

E [l Background Z+jets, i
r \:| Signal (mH:125 GeV)
T %7 Syst.Unc.

[ s =7TeV:|Ldt= 4.8 fb"

®)
01 T T

Events/5 GeV
"]
o

—
(9]

[fs=8TeV:|Ldt=5.8fb"

10

description of the random process producing the data
— includes parameters that we want fo measure (S, 6 x B, m, ...)

What we want : Statistical Results

Parameter measurement: x, + uncertainty

Upper limits on signal yields, etc.

Discovery significance

o

Local p

T T T T T T
ATLAS

H—zZ" a4l

100 150 200 250
m,, [GeV]
: L | L ‘ T T T T | T T 17T I L ‘ T | T 1 T T I T
ATLAS 2011 -2012 Obs.
s=7TeV: |Ldt=4.6-4.8b" Exp.
Vs=8TeV: |Ldt=58591fb" +1o
1 [gees= G~ = \apuiaieiepeiebuiubuiuiupeiepuiuiupepepepupuiuiuiuiupepepuepepepegepepeiupupupupupepepepapepepepepe e Qo
A B T T T T T T T T e e g 1o
102 Beiill T e 20
1072 T I - IV LR _ .. Z 36
10 _
T < O 40
10 X
10-7 ----------------------------------------------------------------- 56
108 .
1079 s rmerermmrme e N e LR UL LR EEREE Ry 66
10»10 S
10"}

|\\Il\\l\‘\lll|IIII|III\‘I\‘\“kl\\|||||||
110 115 120 125 130 135 140 145 150

m, [GeV]
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Computing Statistical Results
|. Parameter Estimation
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Using the PDF

Model describes the distribution of the observable: P(data; parameters)
= Possible outcomes of the experiment, for given parameter values
Can draw random events according to PDF : generate pseudo-data

P(\A=5) - 2,5,3,7,4,9, ...

Each entry = separate “experiment”

> Generate 3 30— .
5 G Lk T
© 0025 5 25000 +:+++H§,++++
- B » I .
2 002 £ 20000 | | M
o - o R L
& 0.015] © 1500 [ L TN
© = - L [ +-8f'
[0} - @D L - r b
- . N L - e
s % Unbinned g 1000 £ F .
S 0.005( 5 500 [ F Feagy
< - < L L L
P00 110 120 130 140 150 160 90_(');0—
)

m (GeV) 0 T10 2013014050160
m (GeV)
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Likelihood

Model describes the distribution of the observable: P(n; A), P(data; parameters)
= Possible outcomes of the experiment, for given parameter values

We want the other direction: use data to get information on parameters

P(A=?) 2
[ ]

. Estimate > 30000
) A U] )
S 0.025[ 5 2500 Ta
2 C Q - +"I'+b+

- 2 20000 o+
% 0.02E § : ,,,4-%,%;{-**
& 0.015f ® 1500 s
o - 8 B wheh,
N gof N 1000 Tt
S oot = : Fitea,,
E N £ B
S 0.005F S 500
= L prd r

f00 10 120 130 140 150 180 Q00 710 20 130 140 150 160
m (GeV) m (GeV)

Likelihood: L(parameters) = P(data;parameters)

— same as the PDF, but seen as function of the parameters 85



Poisson Example
n!

Say we observe n=5, want to infer information on the parameter S
— Try different values of S for a fixed data value n=5

Assume Poisson distribution with B=0: P ( n, S) =e

— Varying parameter, fixed data: likelihood L(S sn= 5) —e
1
i Observed
0_8__ Value n=5
0.6
0.4
0.2
:I|IIVI|||||||||||||||III|IIII
%5 10 15 20 25 30

5!
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Poisson Example
n!

Say we observe n=5, want to infer information on the parameter S
— Try different values of S for a fixed data value n=5

Assume Poisson distribution with B=0: P ( n, S) =e

— Varying parameter, fixed data: likelihood L(S sn= 5) —e
0'652 Observed
— Value n=5
P(S =0.5) -
likelihood 0.3;_
0.2F
0.1
:||—||_1v||||||||||||||||||||||||
%5 10 15 20 25 30

5!
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Poisson Example
n!

Say we observe n=5, want to infer information on the parameter S
— Try different values of S for a fixed data value n=5

Assume Poisson distribution with B=0: P ( n, S) =e

5
— Varying parameter, fixed data: likelihood L ( S:n= 5) — e—S S_
’ 5!
0'652 Observed
— Value n=5
P(S =0.5) -
ow 040 P(S=5
likelihood @ afl- ( - )
F High
0.2 likelihood
0.13— JI—I—LLI_‘k
% 5 10 15 20 25 30



Poisson Example
n!

Say we observe n=5, want to infer information on the parameter S
— Try different values of S for a fixed data value n=5

Assume Poisson distribution with B=0: P ( n, S) =e

5
— Varying parameter, fixed data: likelihood L ( S:n= 5) — e—S S_
’ 5!
0'652 Observed
— Value n=5
P(S = 0.5) -
ow 04 P(S=5
likelihood (gL ( - ‘ P(S = 20)
T High
0.2F likelihood oW
T F Jj likelihood
0.1

F
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Poisson Example

_s S§"
Assume Poisson distribution with B=0: P ( n, S) =e S —,
n.
Say we observe n=5, want to infer information on the parameter S
— Try different values of S for a fixed data value n=5 5
— Varying parameter, fixed data: likelihood L ( S:n= 5) —e S
’ 5!
0.6 : Observed 0.18F
s Value n=5 0.16F L(S; n=3):
P(S =0.5) - 0141 o
- 0.12F Likelihood
Low 0.41 0.1
L ¥ P(S = 5) 0.08F of S for n=5
likelihood 3L _ 0.06
F High 0.04]
0.2F likelihood 0.02
: 2 4 6 8 10 12 14 16 18 20
0.1 @

F
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Maximum Likelihood Estimation

Estimate a parameter u : Find the value that maximizes L(j1)
= the value of u for which this data was most likely to occur

— Maximum Likelihood Estimator, j A
u=argmaxL(u,)

$=0.5
0.6E5 0.18F
: Observed o Likelihood
0.5 Value n=5 4of
i 0-12¢ of S for n=5
0.4H 0.1
- 0.08f
0.3 0.06f
- 0.04
0.2F S=5 S = 20 0.02} | N |
- %246 8 10 12 14 16 18 20
0.1 S
- ~ Y

S =5, maximum for n=5

i

The MLE is a function of the data — itself an observable

No guarantee it is the frue value (data may be “unlikely”) but sensible es’rimo’rg



MLEs In Shape Analyses o TS T S
600F Single Lepton [t + light 3
F >6],>4b DET}E ;
. . S00F post-fit Etf : Vv E
Binned shape analysis: a00}- ClNonf
N 300; A (norm.) 1
L(S; n,-) = P(n,.; S ) = H Pois(n,- ;Sf+ Bl.) s
i=1 =
5 OF SRR E
21'2515_ ’\I_,C»O;@ 25 ;
Need to maximize L(S) : aom | T
' ' ' ' ' ' a 1080604020020406081
iN practice easier fo minimize . Classfication BDT output
Apeis(S) = —21og L(S) = —2_ log Pois(n;; Sf; + B,)
i=1
Or in the Gaussian limif
N N
—(S f +B.)[
A Caus S) = Z—ZlogG(ni;Sfi+Bi,(5 Z x2 formula!

1

i=1 i

= Gaussian MLE (min x> or min A__ ) : same Best fif value in a x* fif
= Poisson MLE (min A, ) : Best fit value in a likelihood fit (in ROOT, fit option “L")

In ROOFit, A, = RooAbsPdf: :fitTo(), A, = Ro0AbsPdf::chi2FitTo().

In both cases, MLE & Best Fit
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H-YY

Events / GeV

Events - fitted bkg

180

160

140

120

100

80

60

40

20

||I|I||||||IL

¢ Data

------ Background

—— Signal + Background

—— Signal

-
L.
-

T
ATLAS Preliminary
s=13 TeV, 36.1 fb"

m, = 125.09 GeV
VBF-enhanced

Estimate S using MLE § ?

— Just perform (likelihood) best-
fit of model to data
= fit result for S is the desired S.

ATLAS-CONF-2017-045
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MLE Properties

Consistent: il converges o the frue value forlarge n, i = n

A *\2
Asymptotically Gaussian . p([j,) oc exp|— (M—M ) forn = oo

2
for large datasets | 2 ?f* |

Standard deviation of the distribution of [

Asymptotically Efficient : g, is The lowest possible value (in the limit N—oo)

among consistent estimators.
— MLE captures all the available information in the data

Log-likelihood : Can also minimize A = -2 log L
— Usually more efficient numerically

A 2
— For Gaussian L, A is parabolic: A (u) — B

O,

Can drop multiplicative constants in L (additive constants in A)
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Fisher Information

Fisher Information:

()= ([ Z1ogL(w)| | = {25108 L(w)
I =({|=3—log L = — log L
I oy logL(n ot B
Measures the amount of information available in the measurement of .
Gaussian likelihood: I (u) = 1 :
' G> Gaussian: for any
Likelihood

— smaller o = more information.

Likelihood

Cramer-Rao bound:
For any estimator [,

1

I(p)

— cannot be more precise than information allows.

Var(fi) >

Efficient estimators reach the bound : e.g. MLE in the

estimator g with

A (—p’)
P(f)  exp|— LB )
20;
Var(f) = OQQ
2 2 _ 2
on 20Likelihoool - GMLE
large n limit.
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What’s next ? Usual Statistical Results

We need more than just best-fit values:

* Discovery: we see an excess —
is it a (new) signal, or a background
fluctuation ?

* Upper limits: we don’t see an excess —
if there is a signal present,
how small must it be ?

 Parameter measurement: what is the
dllowed range (" confidence interval™)
for a model parameter ?

The Statistical Model already contains all the
necessary information — how to use it ?

Local p

10°

10

95% CL Upper Limit on ¢ x B [fb]

LEP Comb.

Tevatron Comb.

LEP+Tevatron

ATLAS

Electroweak Fit

LSSy o L] L ] L 97T L oLt L L
e ATLAS 2011-2012

E (s=7TeV: [Ldt=4.64.81b" - Exp. 3
. Vs=8TeV: [Ldt=58591b" W+io =

[ ==

b L1 R
110 115 120 125 130 135 140 145 150

m, [GeV]

10%E

LATIAS e e

L /s - 13 TeV, 36.1 fo! Expected —=
= 40 X > 7y + 1 std. dev.

F + 2 std. dev.

- Jy =0, NWA —— Observed from |

—— Observed

ensemble tests 3
------ Expected from 7
ensemble tests

| L 3
10° 2x10° 3x10°
m, [GeV]

| |
e m,

== Stat. Uncertainty
— Full Uncertainty

T
® 80376+33 MeV

o 80387+16 MeV

O 80385+15 MeV

® 80370+19 MeV

4
o 8035648 MeV

|
80320 80340

| | |
80360 80380 80400 80420
m,, [MeV] 96



Computing Statistical Results
ll. Testing Hypotheses
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Hypothesis Testing

Hypothesis: assumption on model parameters, say value of S (e.g. H, : $=0)
— Goal : determine if H is true or false using a fest based on the data

Possible Data disfavors H, Data favors H,
outcomes:

(Discovery claim) (Nothing found)
H, is false Missed discovery

(New physics!) Discovery! (\ f“&.\ \ | Type-Il error

(1 - Power)

H, is true False discovery claim

(Nothing new) | Type-l error
(= p-value, significance)

No new physics,
none found

0.4F
0355 Backgrou

Stringent discovery criteria 03F

0.25F
= lower Type-I errors, higher Type-Il errors 02f-
— Goal: test that minimizes Type-l| Y3

0.05

errors for given level of Type-I error. ok




Hypothesis Testing

Hypothesis: assumption on model parameters, say value of S (e.g. H, : $=0)
— Goal : determine if H is true or false using a fest based on the data

Possible Data disfavors H, Data favors H,
outcomes: : : :
(Discovery claim) (Nothing found)
H, is false Missed discovery
(New physics!) Discovery! Type-Il error
(1 - Power)

H, is true False discovery claim

(Nothing new) | Type-l error
(= p-value, significance)

No new physics,
none found

Stringent discovery criteria 03f
0.25F

= lower Type-I errors, higher Type-Il errors o2

0.15F

— Goal: fest that minimizes Type-l| 0k

. 0.05F
errors for given level of Type-I| error. ok




Hypothesis Testing with Likelihoods

Neyman-Pearson Lemma

When comparing two hypotheses H,and H,, the L ( H,; data )
optimal discriminator is the Likelihood ratio (LR) L(H,;data)

As for MLE, choose the hypothesis that is more likely for the data.

— Minimizes Type-Il uncertainties for given level of Type-l uncertainties
— Always need an alternate hypothesis to test against.

Caveat: Strictly true only for simple hypotheses (no free parameters)

— In the following: all tests based on LR, will focus on p-values (Type-l errors),
frusting that Type-Il errors are anyway as small as they can be...
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Statistical Results as Hypothesis Tests

Usual HEP results can be recast in terms of hypothesis testing:

* Discovery: is the data compatible with background-only ?
— H, : only background is present

— How well can we reject H, ? — p-value (significance)

* Upper limits: no excess observed — how small must the signal be ?
— H,(S) : B + some signal S

— How small can we make S, and still reject H (S) at 95% C.L. (p=3%) ?

* Parameter measurement
— H,(W): some parameter value y

— What values u are not rejected at 68% C.L. (p=32%) ?
= 10 confidence interval on p

In all cases, H, : null hypothesis — what we are trying fo disprove
101



Computing Statistical Results
lll. Discovery

Cowan, Cranmer, Gross & Vitells, Eur.Phys.J.C71:1554,201 1
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Discovery: Test Statistic

Discovery : '

« H, : background only (S = 0) against H, ."’ H,

« H,:presence of asignal (S # 0)

— For H,, any S#0 is possible, which to use ? The one preferred by the data, S.

= Use LR L(S=O)

A

L(S)

L(S=0)
L(S)

- In fact use the test statistic  t, = —21og

— t,is computed from the observed data - fit fo data to get S.

— t, always 2 0,1, = 0 reached for S = 0.
— t, measures the relative likelihood of H, vs. H, in dafa:

Large values of t, « large observed S

Cowan, Cranmer, Gross & Vitells, Eur.Phys.J.C71:1554,2011
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Discovery p-value

L(S=0
Large values of t,=—2log ( _ )
L(S)

= large observed S 0.5¢
= H_(S=0) disfavored compared to H.(S#0). 0.45/ | S~0

0.35) /
How large t, before we can exclude H, ? 0.3 Observed
(and claim a discovery!) 06222 value t oo

0.15]
p-value : fraction of outcomes that are at 0.1

least as H -like (signal-like) as data, 0-05 O S>> 0o

5=

when H, is tfrue (no signal present). 123 45 647 8 9

— Smaller p-value = Stronger case for discovery

Po — j f(t()lHo) dt,

obs
tO

— Compute from distrioution f(t,|H) of t, if H is frue:
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Discovery significance

+Z
Interesting p-values are quite small po=1— 1 w2 g
= express in ferms of Gaussian quantiles Sz V2m
— Significance Z =1-2d(Z)
p(|x-x0| < 10) = 0.682689
0.4;— 7
0.35F
oo ®(2)= [ G(u;0,1)du
0.25F — o
0.2F
0.15F
0.1
0.05- / p-value
V —y
] 0.32
In ROOT: 2 0.045
P, = Z (®) :ROOT::Math::gaussian_quantile_c
L-p, (@) :ROOT::Math::gaussian_cdf_c 3 0.003
) 6 x 107

= How small is small enough ?
— Conventionally, discovery for p,= 6 107 & Z =50
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Asymptotic Approximation Cowan, Cranmer C1os & Vel

— Assume Gaussian regime for S (e.g. large n_.) = Central-limit theorem

= 1, Is distributed as a X? under the hypothesis H,

L1S=0
t,=—2log (L(g) )
f(t() | HO) = fXZ("dof=1)(t0) 0-5;:
0.45[ | M~ 0
0.4
In particular, significance: 0.35)
0.3¢
B \/— By definition, 025% f 2 ndore1 (T
Z =4, f~x=~60Nn 02 \ s
0.15]
Typically works well for for event counts O(5) 0.1 u>o,
and above (5 already “large”...) 005
Y123 456 7 8409
0
The 1-line “proof” . asymptotically L and S are Gaussian, so
A2 A 12
L(S) = exp —% S;—S = tL,=|g| = t~ x*(ng,=1) since S ~ G(0,0)
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One-sided vs. Two-Sided

f§ <0, isit a discovery ? (does reject the S=0 hypothesis...)
Usual assumption : only § > 0is a bona fide signal
= Change statistic so that § ¢ 0 =t = 0 (perfect agreement with H, as for S = 0)

One-sided

Two-sided

; ._

=—210g

C/J> ||

Test —210gL(STO) S>0
Statistic L ( S) R
0 S<0

z=0"(1-2 “ Z=0"(1-p,)

0.32 0.16

By convention, factor 2 0.003 3 0.0015 = Same Z in both cases
in p-values foragivenz 6x107 5 3x107 for a given signal S 107
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One-Sided Asymptotics

— One-sided test:
S=0 | 2 log

0=

. omEEm H, <

>
>
\%

>

Asymptotics: “half-x2” distribution: Q| S=0)=58(qy) + 5, =140
Discovery p-value: p, = 1—<I>(«/qo) Significance: Z = 0
0.4l 0.5¢
0.450 normal CDF
0.35
0.4f
0.3 0.35¢ du
0.25 0.3
0.2 0.25/
0.15 i i 0.2}
0.1 o, 0.150
7%;57/2%; 0.05F
0 Z. LA u :;
-3 -2 -1 0 1 2 3 — L
8] 108
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Example: Gaussian Counting

Count number of events n in data
— assume n large enough so process is Gaussian
— assume B is known, measure S

1 n—(S+B) 2
2\ JS+B

Likelihood : L(S;n) — e

||||||||||||||||||||||||||

2

n—\S+B S+B
}\’(S;n)z \/’(S_I_iB) +
MLE forS:S=n-B
Test statistic: assume S > 0,
L(S=0) ~v_|n—BP _| S|
= —2lo < = AS=0)—AlS) = = |—=
(]0 g; 1;(5;) ( ) ( ) \/E§ lg

A

- S Known formulal!
/ = \/qo — ﬁ — Strictly speaking only

valid in Gaussian regimge 109

Finally:



Example: Poisson Counting

Same problem but now not assuming Gaussianity
L(S;n) = e_(S+B)(S+B)" A(S;n)=2(S+B)—2nlog(S+B)

MLE: S = n - B, same as Gaussian

Test statistic (for$> 0): g, = A(S=0) — 7‘(3) = _23_2(‘§+B) logng

Eur.Phys.J.C71:1554,2011

Assuming asymptotic distribution for g,

Z=4{ 2| (S+B) log|1 +

Exact result can lbe obtained using
pseudo-experiments — close 1o \/qO result

= | v
|
v,

Asymptotic formulas justified by Gaussian

regime, but remain valid even for small e
values of S+B (5!) b

See G. Cowan’s slides for case with B uncertainty 110




Example: Multi-bin counting

N
Likelihood : L(S;n) — H Pois(n,-; Sf,"" Bl)
Assume Gaussianity: ZN: f n,— B,
= ni_(Sfi+Bi)2 § = =1 B
o Z - N f2
i=1 | VSf.+ B, | Z Ti
i=1 Bi
Test statistic: assuming S > 0,
! N f2 2
=r(s=0)-2(9)=| 3| 5 &
i=1
Asymptotics:
7 — \/_ _ S Always better than
= VQo =1y g2 |12+ Any bin by itseff (for same §
i . :
Combined uncertainty — Z E All bins merged together
on S from all the bins | =1



http://www-conf.slac.stanford.edu/statisticalissues2012/talks/glen_cowan_slac_4jun12.pdf
https://arxiv.org/abs/1007.1727

Some Examples High-mass X—=Yyy Search: JHEP 09 (2016) 1

> 10 g T T T S EmEE P e e
8 E ATLAS . oo
Higgs Dlscovery Phys Lett. B 716 (2012) 1-29 S wp —— Background-only i
> T | — T — T ] L% 102 ; Spin-O Selection
(GDJ . 'Data . ATLAS - - Vs =13TeV, 3.2 fb
%25_— B Background zZ HozZ0sar 10 ; i
= T -Background Z+jets, tt ] - *
L%%'_DSignal (m =125 GeV) E e ’ H
[ % Syst.Unc. ] E
i _ 10’1_5 E
1505 = 7 TeV: [Ldt = 4.8 fb! i SRl T P
{5 =8TeV:|Ldt = 5.8 b ] R I E
10 . g 5 =
I ] Fa .
5[ s o E
i 2 E
- 200 400 600 800 1000 1200 1400 1600 1800 2000
o® m,, [GeV]
100 150 200 G 650
m,, [Ge
o LA e B B I S B L L B 4-II[ T T ] I ATLAS E = 13 Tev’ 32 fb-1 Spln_o SeIECtion
o —_ —
= ATLAS 2011-2012 S v
3 (s=7TeV: [Ldt=4.6-4.81b" - Exp. S 35 &
{s=8TeV: [Ldt=5.85.9 fb" D+ < g
1 gt~ e~ = upieiaielajulefepujepuelebulajubefeiejebeiebuiabuleeg e gepupaguaieppeiaiaiapuiupepegegapejeiepe Oc N ~ 3 E
07 BT N T e T e e o =1 || >
02 it T 20 @
10 I - - - o 36 64' , 8
—_
10" o
G e e g 46 0 —
10 [ 15
10°- AN e |
107 Ry 1
10° S
107 g rmmmrrmmrmn oo M Sy 60 0.5
wep =1.8 X 10 &7 =590 | | )
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Some Examples

High-mass X—=Yyy Search: JHEP 09 (2016) 1

§10§|A'TL/\AS T |“|'."[\);t‘a'|"""|"‘
nggs DISCOVGTY: Phys LeTT B 7]6 (20]2) ]—29 g 103% Background-only fit
> 1 T T T T [ T T T T [ T T T T ] L% 102 ;7 Spin-O Selection
(GDJ - Data . ATLAS : - Vs =13TeV, 3.2 fb
0 25( [l Background 2 Hozz" e 10 b
% - [l Background Z+jets, ] -
gzo;DSignal (m,=125 GeV) h 1 * ’ H
w [ % Syst.Unc. ] E
- - 107
1505 = 7 TeV: [Ldt = 4.8 fb! | _ T e A =R
i g i e~
[ Vs =8 TeV:)Ldt = 5.8 fb . g i E
15 = 8TeV:| Uncapped g, § woe .
s=0) .
—ZlogM S=>0 B e
_ L(S) 3 MEl SRR T
q() — 200 400 600 800 1000 1200 1400 1600 1800 2000
L(S=0) . m,y [GeV]
100 150 +2log———— S<0
S L(S) ATLAS /s=13TeV,3.2 0" Spin-0 Selection
ATLAS 2011-2012 e 10 MO
(s=7TeV: |Ldt=4.6-4.8fb" -~ Exp. & 35 &
{s=8TeV: [Ldt=5.85.9 fb" D+ S 8 g
1 et~ e~ = upieiaieiajuiefepujepuelebulajubefeijebeiepuiabuleeg e gepupagunpeppeiapaiaiul: pepegepejeieje Oc N ~ 3 H’é
07 BT N T e T e e o =1 || o5 D
102 Eeamm e T T 2 5 6 ~ o
e 3 | , 8
TR e Py S
105 4o 4 15
10°- AN e |
107 Ry 1
10° N 2
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http://link.springer.com/article/10.1007/JHEP09%282016%29001
http://www.sciencedirect.com/science/article/pii/S037026931200857X

Takeaways

Given a statistical model P(data; ), define likelihood L(y) = P(data; p)

To estimate a parameter, use value f that maximizes L().

L\H
To decide between hypotheses H , and H., use the likelihood ratio (H,)
L(H,)
L(S=0) -
. —2log ( = ) S>0
To fest for discovery, use G, = L(S)
0 S<0

For large enough datasets, Z = 4/ (,

5

VB

For a Gaussian measurement, Z =

A

A S A
For a Poisson measurement, Z = 4§ 2 (S+ B) log|1+ Bl S
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http://www.sciencedirect.com/science/article/pii/S037026931200857X

What was the question ?

Definition of the p-value:

number of signal-like outcomes with only background present

p-value =
all outcomes with only background present

So 50 significance (p,~107) « Occurs once in10’ if only background present

However this is NOT " Orne-ehahee-ir10Hte-be-afluctuation”

The first sfatement is about data probabilities - P(data; H))

The second is on P(H,) ifself — not addressed in the framework described so far
— makes sense in a Bayesian context, more on this tomorrow.

It’s also a different statement (although they sometimes get confused)

— If a signal outcome is also very unlikely, we may not want to
reject H,, even with p, ~ 10”.
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What was the question ?

e.g. Faster-than-light neufrino anomaly

(v-c)/c = (2.37 + 0.32 (stat.) **** (sys.)) x10°  6.20 above ¢

-0.24

"despite the large significance of the measurement reported
here and the stability of the analysis, the potentially greaf impact
of the result motivates the continuation of our studies in order fo
investigate possible still unknown systematic effects that could

explain the observed anomaly.”

= Very unlikely to be a background fluctuation, but
hard to believe since alternative (v>c) is far-fetched

- Events/bin

o

ns

“Extraordinary claims
require extraordinary
evidence”

number of signal-like outcomes with only B present

Alternative: P (fluctuati -
( Hetta 1on) number of signal-like outcomes from any source (S or B)

P (fluct| B) P(B)

P (fluct|S) P(S) + P(fluct| B) P(B)

— Needs a priori P(S) and P(B) — Bayesian methods, discussed tfomorrow
— In frequentist context, only have p, = P(fluct|B) (and P(fluct|S) = power ~ 1)

= However usuadlly same conclusion, assuming P(S) is not < p.... 116


http://www.nytimes.com/2012/07/05/science/cern-physicists-may-have-discovered-higgs-boson-particle.html?pagewanted=all
https://understandinguncertainty.org/explaining-5-sigma-higgs-how-well-did-they-do
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