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The small pitch angle scattering
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Abstract. The diffusive particle propagation and its pitch an- the function of dimension variables.) Therefore, the kinetic
gle scattering is studied using kinetic equation of the Fokkerequation reduces to (Gleeson and Axford, 1967; Galperin
- Planck form. Due to existence of the strong regular mag-et.al., 1971):

netic field (MF) the particles are preferable propagated along = ] =~

the mean MF direction and undergo the pitch angle scatter- Ouf +veos O, f (1)

ing with respect to it. The paper deals with solution of the — — Jysinb 39f+ 8(x) 6(t) M )

equation for particle distribution function in the second or- Asinf sin 0

der approximation in the pitch angle. The exact analyticalHereuv is the particle velocity. Introducing the dimensionless
solution is obtained in an integral form. The well known variablesy = /A, T = vt/\, andp = cos 6, one obtain the
solution in the first order pitch angle approximation can beequivalent equation fof (y, 7, u):

restored performing the small time limit in the result. Unlike 1

the first order solution the obtained solution in the secondd:-f+udyf = 0, f(1—p?) 0, f+ X5(y) 3(7) 6(p—po) -(2)
approximation rightly shows that the pitch angle diffusion is
closely connected with the particle transport along the mea
MF. The expression for particle density for the point instan-
taneous unidirectional source also has been obtained.

v

r{\Iote that cross-field transport (i.e. perpendicular diffusion
and drift, energy change, or adiabatic focusing) is not in-
cluded into the model.

The paper deals only with an exact solution of this equa-
tion. The obtaining of analytical solution of this type equa-
tion without any approximation is problematic and its sim-
1 Introduction plification depends on concrete model. The approximation

of large pitch angle (i.e; < 1) has been studied by Earl
Study of multiple charged particle scattering in magnetic field(1996). Here the model is considered, when particle pitch
with random inhomogeneities as scattering centers is imporangle,d, is small, i.ed < 1.
tant in turbulent theory plasma (Shkarofski et.al., 1966), in
problems of cosmic ray particle propagation through cosmic ) ) o
media (Jokipii, 1966; Dorman and Kats, 1977), and many2 The firstorder pitch angle approximation
other problems of particle transport (Case and Zweifel, 1967)
g‘_the magn_etlc field is sufficiently s_trong that the Larmor_ ra- Laplace transform in the time, the Eq. (2) gives the ordi-
ius of particleR;, < X (X - the particle mean free path with . . .

: A A ...\ nary differential equation
respect to its scattering in magnetic field inhomogeneities),
the averaging over particle spiral motion around the mag- ¢ 2y d . 1
netic field can be performed, and one can restrict himself to@(1 —H )@ U A 7X5(u ~ o) 3)

a simple rectilinear system. The equation is similar to known one generating the Coulomb

The diffusive particle propagation and its pitch angle scat-gpheroidal functions (see on p. 146 of Komarov et.al., 1976),
tering along the mean magnetic field is governed by kineticyhich reads

equation of the Fokker - Planck form, and the particle distri- d
bution function, f, depends only on location;, the pitch — (1= p?)— u(p) (4)
angle, 8, and time,t. (In the following the tilde denotes

2 2 m _
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Using the Fourier transform in the space varialpleand the
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Herem = 0,1,2,...; 0 < p < oo, and,b, A are param- 3 The second order pitch angle approximation
eters. Inourcasep = p =0, b = —ik, A = s. In
this limit case, solutions of (5) does not lead to known spe-In the second order pitch angle approximation one must hold
cial functions (Komarov et.al., 1976, pp.141-146), therefore,also term ofO(6?). It means thatinf — ¢ andcosf —
some approximation of the Eq. (2) is necessary. (1—62/2). The equalitysin® 0 + cos® 6 = 1 is fulfilled up

The simplest approximation correspond to very small pitchto the second order df, i.e. 6* — 0, and Eq. (2) forf; in
angle 9, when one can putn # — 6 andcos — 1. Inother  the second order approximation reads
words, the equalitgin® 6 + cos?§ = 1 is fulfilled up only

92
to the first order irg, i.e. 2 — 0. In this case the function Orfa+v (1 — 7) Oz fa (8)
fi(y, 7, 0) in the first order approximation, 56 — 60)
v _
1 1 5(0 — 6y) = g 00 0 Oof2 + 6(x) () ===
o-f1+ 3yf1 = 9 O 0 09 f1 + *5(y) (5(7‘)7 . (5) 0

A 0 . . .
0 After the Laplace - Fourier transform (in the units{of y })
Analogous stationary equation for the small pitch angle in-one obtains the equation fd5 (s, k,m,m0) :

cluding the focusing term has been investigated by Galperin

et. al. (1971) for the case of particle injection along the mag-— o, — £, 4+ 2ikn f, — (s + ik) fo = L 5(n—m0),(9)
netic field, 6 = 0 . Then Dorman and Kats (1974) have @71 = dn 2\

obtained the solution of the stationary equation for the Sma"vvheren — ¢2/4. Solution of Eq. (9) can be expected in the

non-zerofy < 1. The non-stationary case has been studiedyeneralized form of the previous solution (6), (7). For this
by the same authors (Dorman and Kats, 1977) in the first aPpurpose the solution is searched in the form

proximation of smalb andf,. The solutionf; (y, 7, 0, 6,) of

. . . . . o0 /6
(5) in the first approximation is h o= 1 exp[—a(n + no) cosh €] <coth 5) (10)
9 9 22X Jo 2
1 62 1 62 06, ‘
fi= N exp |— ir Iy or Sy—1), (6) x  Iy(2ay/mmg sinh &) d€

wherel(z) is the zeroth order Bessel function of imaginary With unknown parameters, 3. These are determined by

argument (the hyperbolic Bessel function). The last equatiorPmeg function (11) into Eq. (9):

rewritten into the variableéz, ¢} reads s+ ik
’ =V -2ik, =— . 11
o= V=2 b= (12)

fl = % exp [—)\92 +98} I ()\%> O(x —wt). (7)

4ot 2ut Conditions for convergence of the integral (11) are the fol-

. _ lowing: Re > 0, Re 3 < 0. Thena = (1 —i)Vk for
The 6-function in Eq. (6) expresses the particle free propa-;. < g anda — (1 + i)Vk for k < 0, respectively. The

gation along the axig. All particles are located in the plane inverse Laplace transform exists under conditians > 0,

ofy = 7, and, the angular distribution is rather wide already yhorefore, the conditioRe 3 < 0 is fulfilled for thosea and
at a small time past the particle injection (see in Fig. 1).

one obtains
1 .
f2(k7 T, n, 770) = ﬁ €xXp [_lkT - 04(77 + 770) COth(OéT)]
2ai,/MMo 2a
x lo (sinh(on)) sinh(ar) (12)

The function of the argumertin Eq. (12) is regular relative
the complex value of, so, one can apply the inverse Fourier
transform of (12). The resulting:(y, 7,1, o) is

fo=goy [ {ew [kt = 1) = 4 VR4 )

X coth ((1 + l)\/ETH fo (2 sii;{l()f@ﬂ )

y 2(1+i)Vk
sinh {(1 + i)\/ET}
Fig. 1. The pitch angle distributiotf; (6, 7) for o = 0Ointherange  whereC.C. denotes the complex conjugate term. This ex-

of 0 <6 <1,and0.1 <7 <0.5. pression can be easily rewritten into real arguments, but it is
not included here (Shakhov and Stehlik, 2001).

+ C.C. }dk, (13)
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4 The particle density correctly involves the scattering together with convection. In
fact, all particles freely propagate alongwith velocity v,

Let particles are emitted by the point instantaneous sourcg|though the pitch angle distribution becomes rather wide.

into direction off, = 0. Then a simple exact expression Note here that integral over all angles[ do 0 f(y,7,0,60)

for the particle densityN (z,t) or n(y, 7) can be obtained. s equal to(y — 7) in units of1 /X independently oy (or 7)
Generally, the particle density was defined by the equation or g,.

1 On Fig. 1 the pitch angle distributioff () was illustrated
N(y,7) = / dp f(y, 7, s o) (14)  aty =7 = 0.1 — 0.5 (in dimensionless units) faty = 0 .
_771 The distribution becomes almost flat already at instant
- 6 sin f(y,7,0,0). 0.2 and one very weakly depends én= 0.

0 Unlike the first approximation, the functigfa(¢) describes
Here in the small angle approximation one has the Fokker the initially anisotropic stream during a larger time past the

Planck scattering operator in the form of particle injection, and one has low levelat: 7, especially
. for y > 1. The space distributionfz(y), is demonstrated on
07" 99 09y, Fig. 3, where the pitch anglis fixed,# = 0. The picture
which produces solution quickly decreasing for- oo, so, IS similar for non-zerd. Particles no more form a group at
the integration limits can be expanded to infinity. Then they = 7, but the space distribution possess rather wide 'tail
densityN (y, 7; 6, = 0) is approximately behind the front of first particles gt= 7. Its width increase
- with increasing time, and maximum decreases in amplitude
N(y,7;0) = / 46 0 fo(y,7,6.,0). (15)  and becomes later with increasing time. Temporal develop-
0 ment of f2(y, 7) can be seen on Fig.4 for fér=0.1,6, = 0

Substitutingfs (z, ¢, 6, 0) from Eq. (13) in case of zery (or ~ Note that the shape gh(y, 7) very weakly depends on value
no) into (15), one obtains the expression for particle density,of ¢ and, itis equal to zero fay > 7.
N(y,7),

1 ° —ik(y —
N = —/ ap | 2R =Dl ool e
27\ Jo cosh {(1 + i)\/ET}
Numerical calculation shows that densify(y, 7) tends to -
zero for ally = 7, i.e. on the position which the particles can 15 |
achieve without scattering. T EL(Y)
1 1=1 9 = 0 i
1,41 _ L
8,=0 |
1,3 3; :f
0,41 -
0,34 -
0,2+ -
0,1+ L
0,0 I —
0,0 05 3,0
Fig. 2. The particle densityV (y, 7) for o = 0.
5 Discussion and conclusion Fig. 3. The space distributioff (y) at timer = 1,1.5,2, 2.5 and3
for® =6y = 0.

Let one examine the obtained solution in detail. First, the
simple solution of the first approximation, (6) or (7), does not  The particle density (16) is demonstrated on Fig. 2 in the
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case of particle injection direction 6f = 0. after an unidirectional immediately particle injection.
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