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Abstract. The enigma of theknee in the cosmic–ray energy
spectrum is scrutinized with an empirical model, comparing
results from direct and indirect measurements. The energy
spectra of individual elements, as obtained by direct obser-
vations, are extrapolated to high energies and compared to
a compilation of all–particle energy spectra from air shower
measurements. A model, assuming a cut-off for each species
proportional to its chargeZ is adopted. The fine structure
of the energy spectrum with changes of the spectral index at
2.5 PeV and 300 PeV are explained by cut-offs of the pro-
ton component and of the stable elements (Z=92). Theknee
in the all–particle energy spectrum results from a charge de-
pendent cut-off for each individual element of the galactic
component. No additional cosmic ray component is required
in the knee region to describe the observed spectrum. The
model allows a prediction of the mass composition of cosmic
rays at high energies, which is in agreement with experimen-
tal results from air shower experiments.

1 Introduction

The cosmic–ray energy spectrum extends over many orders
of magnitude from GeV energies up to at least1020 eV
as a steep falling spectrum roughly following a power law
dN/dE ∝ E−γ with almost no special features. A closer
look exhibits some fine structures, most prominent is a
change in the spectral index fromγ1 ≈ −2.7 toγ2 ≈ −3.0 at
about 3 PeV, generally calledthe knee. Its origin is still un-
der discussion and is generally assumed to be a corner stone
in the understanding of the origin of cosmic rays.

The energy spectra of cosmic rays are measured directly
up to several1014 eV for individual elements with satellite
and balloon–borne experiments at the top of the atmosphere.
Due to the steep falling spectrum, measurements at higher
energies require large detection areas or long exposure times,
at present only realized in ground–based detector systems.
These experiments measure extensive air showers, generated
by interactions of high–energetic cosmic rays in the atmo-
sphere.

In this work the fluxes obtained by direct measurements
are extrapolated to high energies and compared to results of
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indirect measurements.
Theories for cosmic ray acceleration (see for example

(Wiebel98) (Gaisser99)) propose acceleration processes be-
coming inefficient at an energyEC ∝ Z whereZ is the
nuclear charge of the particle, and a complete cut-off is ex-
pected at higher energies, also proportional toZ. Therefore,
we expect a cut-off or at least a change of the spectral index
in the spectrum for the individual species at an energyEZC .
Inspired by these theories, we adopt an empirical model to
explain the fluxes of high–energy cosmic rays.

Above aboutZ ·10 GeV energy/nucleon, where the modu-
lation due to the solar magnetic field is negligible, the energy
spectra of cosmic–ray nuclei can be described by a power
law. We chose the ansatz

dΦZ
dE

(E) = Φ0
Z · EγZ

[
1 +

(
E

Z · EpC

)ε]γC − γZε
, (1)

γC andε characterize the change in the spectrum at the cut-
off energyZ · EpC , with the cut-off energyEpC for protons.

Summing up the flux of all elements, the all–particle spec-
trum is obtained. We have two parametersΦ0

Z andγZ for
each element and three common parametersEpC , γC , andε
to describe the end of the single element spectra.Φ0

Z and
γZ are deduced from direct measurements of individual nu-
clei, the remaining 3 parameters will be derived from indirect
measurements of the all–particle spectrum.
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Fig. 1. Spectral indices (Wiebel98) versus nuclear charge.
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Fig. 2. All–particle energy spectrum
obtained from direct observations by
Grigorov (Shibata99), JACEE (Tom-
inaga93), RUNJOB (Apanasenko98),
SOKOL (Ivanenko93), and in-
direct measurements by AKENO
(Nagano84), BLANCA (Fowler01),
CASA-MIA (Glasmacher99), DICE
(Swordy00), EAS-Top (Aglietta99),
Fly’s Eye (Bird94), Haverah Park
(Lawrence91), HEGRA (Arqueros00),
HiRes/MIA (Abu–Zayyad00), KAS-
CADE parametric (electrons + muons)
(Ulrich01) and neural network anal-
ysis (Roth01) (Antoni01), MSU
(Fomin91), Mt. Norikura (Ito97),
Tibet ASγ (Amenomori96), Tunka–13
(Gress97), and Yakutsk (Dyakonov91).
The lines represent sum spectra for
elements with Z=1-28 and Z=1-92.
The insert shows the high–energy end
of the spectrum, as measured by Fly’s
Eye and HiRes/MIA. The dashed line
represents a fit by Bird et al. (Bird94).

2 Direct Measurements

Many direct measurements of individual nuclei have been
performed using balloon–borne detectors at the top of the at-
mosphere and instruments on spacecrafts. A compilation by
Wiebel–Sooth et al. (Wiebel98) summarizes results for en-
ergy spectra from hydrogen to nickel and gives abundance
values at 1 TeV. The abundance of ultra-heavy elements
(Z > 28) at energies just above the geomagnetic cut–off
has been measured by the experiments ARIEL 6 (Fowler87)
and HEAO 3 (Binns89). All stable elements of the periodic
table from hydrogen up to the actinides have been found in
cosmic rays. For ultra–heavy elements only the abundance
is measured, no spectral information is available. Hence, the
spectral indices for these elements shall be estimated.

The spectral indices for the elements from hydrogen to
nickel, taken from (Wiebel98), are shown in figure 1 ver-
sus the nuclear charge. Theories using a nonlinear model
of Fermi acceleration in supernovae remnants predict a more
efficient acceleration for elements with large mass to charge
ratios compared to elements with a smallerA/Z ratio, see
for example (Ellison93). Consequently, it is expected that
elements with higherA/Z have a flatter spectrum. Such a
trend is visible in figure 1.

In our model we assume the relationγ(Z) = A+B ·ZC to
describe theZ dependence of the spectral indices. The three
parameters are determined by fits to the values in figure 1 as
well as to the all–particle spectrum as described below. The
curve in figure 1 represents the best fit, exhibiting a decreas-
ing spectral index with the nuclear charge:

γ(Z) = 2.72− 0.130 · 10−2 · Z1.4 . (2)

This expression is applied to estimate the spectral indices for

ultra–heavy elements (Z > 28) in order to extrapolate the
flux obtained by ARIEL 6 and HEAO 3.

Even if the abundance of ultra–heavy elements is small
at low energies, their relative number will increase due to
their assumed flatter energy spectrum. In our model they
become more and more important for the all–particle spec-
trum at high energies, since all lighter elements have already
reached their cut-off energyEZC ∝ Z.

3 Indirect Measurements

Many groups published results on the all–particle energy
spectrum from indirect measurements, recent results are
compiled in figure 2. The overall agreement between the ex-
periments is quite good, the differential fluxes multiplied by
E2.5 agree within a factor of two.

Typical uncertainties of air shower experiments in the ab-
solute energy calibration are quoted to be in the order of 10%
to 20%. The spectra can be normalized by slightly changing
the energy scale in order to fit the flux given by direct mea-
surements around105 GeV. The result is presented in figure
3 together with the normalization factors. They are in agree-
ment with the above quoted energy uncertainties. The mean
normalization factor is−5.4%±1.5%, i.e. most experiments
slightly overestimate the primary energy. A fact which could
exhibit a systematic effect in the hadronic interaction mod-
els used to interpret the air shower data. The similar shape
obtained by the different experiments is obvious in this repre-
sentation, an interesting observation, since the energy scaling
does not change the shape of the spectra.

A knee at about 3 PeV is clearly visible in the figure. As-
suming this bend is caused by the cut-off of the proton com-
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Fig. 3. Normalized all–particle energy
spectrum. The normalization factors for
the energy scales are:

Experiment Norm. Factor
AKENO 0%
BLANCA 2%
CASA–MIA 2%
DICE 0%
EAS–Top −13%
Fly’s Eye −5%
Haverah Park −9%
HEGRA −11%
HiRes −5%
KASCADE (e/m) −9%
KASCADE (nn) −9%
MSU −9%
Mt. Norikura 8%
Tibet −11%
Tunka–13 −7%
Yakutsk −10%

The solid curves (H to Ga-U) represent
extrapolated spectra for groups of ele-
ments according to our assumptions.

ponent, the galactic component should extend up to about
92 · 3 PeV≈ 0.3 EeV. A change in the spectral slope around
3 to 4 · 108 GeV is visible in figure 2, especially in the in-
sert — the dashed line represents a fit taken from (Bird94).
This observation is confirmed by results from AKENO and
Haverah Park (Bird94). The change in slope coincidences
well with the proposed cut-off of the heaviest nuclei of the
galactic component.

4 All–Particle Energy Spectrum

The parametersEpC , ε, andγC are determined from indi-
rect measurements using the data as presented in figure 3. A
least–square fit to the all–particle spectrum, using the param-
etersΦ0

Z andγZ for elements up to nickel results in the blue,
dotted graph in figure 3. The parameters describing the shape
of the cut-off for the individual element spectra areε = 7 and
γC = 4.3. The protonknee is found to be atEpC = 2.5 PeV.

Next, the coefficients for theγ(Z) dependence shall be de-
termined. The values influence the all–particle spectrum and
must fit the values in figure 1. A combined fit of figure 1
and the all–particle spectrum yields the coefficients in equa-
tion 2. The resulting sum spectrum for elements with Z=1 to
92 is plotted in figure 3 as dashed curve. The contribution of
ultra–heavy elements causes a change in the spectral index
around 0.3 EeV, as has been observed by the Fly’s Eye and
HiRes experiments.

Above this energy, a new (extragalactic) component takes
over and dominates the spectrum at the highest energies. This
component is introduced into the modelad hoc, adding the
required flux to the galactic component to match the mea-
sured flux values. This flux difference as function of energy

is needed to calculate the mass composition in the next sec-
tion. The resulting all–particle spectrum, including thead
hoc component is shown as a red, solid curve in figures 2
and 3. One notices that the empirical model consistently de-
scribes the cosmic–ray energy spectrum from several 10 GeV
up to109 GeV.

5 Mass Composition

All parameters in equation 1 being defined, the spectrum for
each species can be deduced. To avoid confusion, only the
spectra of groups of elements are shown in figure 3.

It is now possible to calculate the mass composition of
cosmic rays for a given energy using for example the mean
logarithmic mass, defined as

〈lnA〉 =
∑
i

ri lnAi (3)

whereri is the relative fraction of componenti with mass
Ai. One difficulty in deriving a value for〈lnA〉 is the un-
known composition of the ”extragalactic component” which
has been introducedad hoc to describe the observed all–
particle spectrum. Several theories predict an extragalactic
component consisting of proton and helium nuclei only, see
for example (Biermann93). We, therefore, assume a mix-
ture of protons and helium. The predicted mean logarithmic
mass is presented in figure 4 as function of the particle en-
ergy. The values for the galactic component increase up to
pure uranium, since all other species already reached their
cut-off energies (dotted, red line). Assuming pure protons
and pure helium nuclei for the extragalactic component, the
dashed, red lines are obtained, respectively.
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(Watson00); HEGRA Airobicc (Ar-
queros00), CRT (Bernlöhr98); HiRes
(Abu–Zayyad00); KASCADE neural
network (two extreme results from dif-
ferent observables) (Roth01) (An-
toni01), parametric analysis using elec-
trons + muons (Ulrich01), hadrons
+ muons (Ḧorandel98); BLANCA,
Fly’s Eye, and SPACE taken from
(Fowler01) with QGSJET interpreta-
tion. Some papers quote results for sev-
eral interaction models used to interpret
the data, in such a case only QGSJET
results are shown. The curves show the
mass function according to the empiri-
cal model.

In the figure the calculated〈lnA〉 values are compared
with results from several experiments. The measurements
exhibit a wide scattering of the〈lnA〉 values, which is
mainly caused by different interpretations of the data due to
uncertainties in the interaction models used. Different mod-
els lead to different mass compositions for the same measure-
ment and the same interaction model leads to different values
of 〈lnA〉 for different observables. For example, KASCADE
uses several models and observables and obtains different
results (Ḧorandel98) (Antoni01). Two extreme results in
a neural network analysis when using different observables
(Antoni01) are shown in the figure to illustrate the effect.

Despite of the discrepancies in the measurements or their
interpretation, the general trend of the predicted mass func-
tion is supported by most experiments.

6 Conclusion

Adopting an empirical model with a cut-off for individual
element spectra at an energyEZC = Z · EpC , and extrap-
olating the energy spectra of individual nuclei obtained by
direct measurements to high energies, the energy spectrum
of cosmic rays in the range from 10 GeV up to almost 1
EeV can be described consistently, and the fine structure of
the spectrum can be explained. The all–particle energy spec-
trum compiled from many air shower experiments shows two
changes in spectral slope atEpC = 2.5 PeV and 0.3 EeV
(≈ 92 · EpC), which can be correlated to the cut–off ener-
gies of protons (Z=1) and the heaviest stable nuclei (Z=92).
Within the model ultra–heavy nuclei (Z=30-92) with spectral
indicesγ(Z) ∝ Z1.4 are important to describe the energy
spectrum around 100 PeV. The predicted mass composition
is in agreement with results from air shower experiments.
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