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Abstract: Moliere simultaneous distribution between the deflection angle and the lateral displacement
is derived by applying numerical Fourier transforms on solution in the frequency space acquired through
Kamata-Nishimura formulation of Maire theory. The differences of our result from that under the

gaussian approximation and the basic properties o

Introduction

Many accurate and significant results have been
proposed for transport problems of fast charged
particles from the Mo&re theory of multiple
Coulomb scattering [1, 2, 3], although no simul-
taneous distributions between the deflection angle
and the lateral displacement have been obtained
yet [4] under the Mokre theory. The simultane-
ous distribution will give more exact analyses for
experiments concerning charged particles than the
individual distributions. We obtain the simultane-
ous distribution between the two components in the
projected plane under the fixed energy process. We
solve the equation for the simultaneous distribution
in the frequency space of Fourier transforms by
the Moliere theory of Kamata-Nishimura formula-
tion [5, 6], and derive the distribution by applying
the numerical method for the inverse Fourier trans-
forms [7].

Diffusion equation for the Moliere si-
multaneous distribution

Let f(0,y)dfdy be the differential probability of
fast charged particles to have deflection argdad
lateral displacemeny in the projected plane aof-
6,. According to the Kamata-Nishimura formula-
tion of the Moliere theory, the diffusion equation

f our distribution are investigated closely.
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Figure 1: The simultaneous distribution between

the deflection angle and the lateral displacement,

derived through FFT integrations @t= 1 and for
= 15, with 8, andy in units of ¢ and fgt,
respectively.

becomes
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where f(¢,7) denotes the double Fourier trans-
forms of the simultaneous distribution.  As
Nishimura did in Eq. (21.9) in his text [6], we can
solve the equation as
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DERIVATION OF THE MOLIERE SIMULTANEOUS DISTRIBUTION
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Figure 2:y distribution with¢,, = 0 at¢ = 1 and
Q = 15. In the central region it agrees with that
of Fermi distribution, and in the largeregion it is
explained by the double large angle scattering.

where §% denotes the spatial mean square angle

under the gaussian approximation:
0% = K*t/E>. (3)

At the limiting case of2? — oo, we get

% <<2+<nt+"zt2ﬂ :
(4)

so that we have the simultaneous distribution un-
der the gaussian approximation, well known as the
Fermi simultaneous distribution [8]:

fa(8,y;t)dody

23 4 (., 3y9 3y
= o exp [— 7 (9 — + dbdy.
®)

fem = o exp [

It should be noted that our solution (2) is equiva-
lent with Moliere’s result, Eq. (3.3") in 1955 [9],
taking account his/’?l, agrees withy? under the
fixed energy condition, so that agrees with our

X2 = 0%/

Derivation of the Moli ere simultaneous
distribution

Applying inverse double Fourier transforms on Eq.
(2), we get the Mokre simultaneous distribution

f(0,y)dody:

1(0,y)dody = 0% / / —i0C—iun F(¢ p)dCd.
®)
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Figure 3: Successive double scattering with the
same magnitude.

The probability density f(6,y) is symmetric
against the origin as easily confirmed from

f(=¢.—n) = f(¢,m). ©)

The Moliere simultaneous distribution
derived by FFT algorithm

To derive the simultaneous distribution withand

y on the Cartesian coordinate of constant step
sizes, Fourier inverse double transforms by FFT
integration is useful. The result so obtained from
2048 x 2048 values of frequency density is indi-
cated in Fig. 1, where we pdt, = 1 which means
we takefd andy in unit of g and 6qt, respec-
tively, and derived the distribution against materi-
als ofQ = 15 att = 1.

Moli ére lateral distribution at the de-
flection angle of O

The Moliere simultaneous distribution with the lat-
eral displacement af at the deflection angle of 0
can be derived by

£0.dody =2 [Cancostum) [ Fremic.
®

It should be noted that the infinite integral of
f(¢,n) with ¢ diverges forn = 0 as é-function

of angular distribution at = 0 due to the sur-
vival probability, or more practically in our case
due to the ill property of Mokre expansion up to
¢? for the exponent component [10]. So we use the
rectangular formula for the integration with The
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Figure 4:0, distribution withy = 0 att = 1 and
Q = 15. In the central region it agrees with that
of Fermi distribution, and in the largeregion it is
explained by the single scattering following after
the Fermi distribution.

result is indicated in Fig. 2, where we piig = 1
which means we takéandy in unit of 6 andfqt,
respectively, and derived the distribution against
materials ok) = 15 att = 1.

At the large displacement region, the distribution .

is well explained by the successive twice single-
scattering with the same magnitude of opposite
sign of

N 1 K? 1
ZUP(Qy)dHyda: =30 B2 (02 +x2)*/2 dfydt.
9)

Thus

f(0,y)dbdy
2
OO/ ikj(ﬁ_t/):i 1 /
d9dy/0 t {29 T it
701 K2 1\°
— 42(29E2y3> . (10)

In the central region it agrees with the Fermi simul-
taneous distribution (5) @& = 0,

12

£(0,y)dody ~ ;/—fe*3y2d9dy. (11)

Moli ere angular distribution at the lat-
eral displacement of O

The Moliére simultaneous distribution with the de-
flection angle ob, at the lateral displacement of 0

Figure 5: The single scattering passing through
y = 0 following after the multiple scattering.

can be derived by

d9y

£(8,,0)d0dy = chos 6,0) / F(Cm)dn,

12)
same as the preceding section. The results are in-
dicated in Fig. 4, where we also togkandy in
unit of 6 andfgt, respectively, and derived the
distribution against materials 6f = 15 att = 1.

At the large angle region, the distribution is well

explained by the screened single scattering follow-
ing after the Fermi simultaneous distribution (5),

as indicated in Fig. 5, namely

f(0y,,0)dbdy

do, dy K> fa(f t)o;t')

21”;2 E?/ / |e —9/|3 dv’.
(13)

In the central region it agrees with the Fermi distri-
bution (5) aty = 0,

£(6,,0)dody ~ Q—ﬁe’gidﬂdy. (14)
™

Asymmetry of the Moliere simultane-
ous distribution between the deflection
angle and the lateral displacement

If we measure the deflection andgland the lateral
displacemeny in new units as

u=60/0g and v_y/é\)G[t

(15)

as Eq. (2.13) in our previous investigation [11],
Fermi simultaneous distribution can be expressed
symmetrically with the deflection angle and the lat-
eral displacemenu anduv:

F(0,y)dody = = e~ VBT qugy - (16)
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We investigate symmetric properties of the Mg TR e
simultaneous distribution in this section. orf i
New Fourier variables corresponding #oand v oo b
become
0.001 |
Ot H
p=0cC and v= %n. 17) S
; Rl QR o A
It satisfies St ot very 2 ang 18 5
1e-006 |
f(—,lt, _V) = f(,uv V)7 (18) 1e007 £
so Moliere simultaneous distribution is symmetric T 1

radial distance

against the origin, as mentioned at Eq. (7), but not
symmetric withi andv, so that withu andv, in the

exact sense. We investigate asymmetric features of *' 4 from thes-axis with azimuthal angles af/4,

the Mollgre smultaneous dlstrlputlon. 0,7/2, and3w/4, from top to bottom,
As mentioned in Eq. (12), the simultaneous distri-

Figure 6: The simultaneous distribution with=
0,/0c andv = y/(0at/+/3) on the radial line ro-

bution atu with v = 0 is derived by than the individual distributions, themselves. So
dudv [ o0 _ the results will useful and valuable to improve the

f(u, 0)dudv = / dp COS(UM)/ f(wv)dv.  accuracy and the reliability in designing and anal-
0 - (19) yses of experiments concerning fast charged parti-

We can derive the simultaneous distribution at arbi- €l€s-
trary combination of; andv by the same calculus,
rotating theu-v coordinate with an adequate angle
and applying the numerical double Fourier inverse
transforms (19). Results of simultaneous distribu-
tion thus derived with the rotating angle of#9)/4,
w/2, and3r/4, are indicated in Fig. 6. The ro-
tating angle ofr/4 corresponds to the major axis
of the simultaneous distribution, arsd /4 corre-
sponds to the minor axis. Although Fermi simulta- References
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Kamata-Nishimura equation of the Mete theory
for the simultaneous distribution has been solved
analytically in the Fourier frequency space. Ap-
plying numerical Fourier inverse transforms on the
solution, we have derived the Mélie simultane-
ous distribution between the deflection angle and [10]
the lateral displacement. The simultaneous dis-
tribution will have less redundancy in probability
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