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Motivation
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Interesting physics ̸= ‘new’ physics ̸= beyond-SM physics
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Some of the old problems are amongst the deepest. . .

New York Times, May 4 1935, reporting on Einstein-Podolsky-Rosen paper,
“Can Quantum-Mechanical Description of Physical Reality Be Considered Complete”
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. . . and they are experimentally accessible

©CERN

J.S. Bell ‘On the Einstein Podolsky Rosen paradox’ (1964)
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Bell inequalities
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J.S. Bell showed that if we assume:

locality: that there are no physical influences traveling faster than
the speed of light and

realism: objects have physical properties independent of
measurement

then correlations in measurement outcomes from two distant observers
must necessarily obey an inequality

Rephrasing of Giustina et al 2015
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The textbook case – apparatus

(Ensemble of similarly-prepared systems)

Due to Bohm
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Quantum systems – initial thoughts

Take a perfectly entangled Bell state of two spin-half particles:

|Ψ+⟩ = 1√
2
(|↑⟩A |↓⟩B + |↓⟩A |↑⟩B)

The measurements of spin for each system separately are uncertain,
nevertheless:

After measuring Sz system A we can tell with certainty about
outcome of measuring Sz on system B

even though A and B may be widely separated

Q: Is this property ‘spooky action at a distance’?
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We can also change our measurement settings: SA and SB

We might expect the probabilities of outcomes at A to depend on:

the measurement settings SA at A

some properties λ⃗ of the AB system
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The CHSH Bell inequality
Clauser, Horne, Shimony & Holt (1969)

The two experiments, A and B, each have two possible outcomes:
{ +1 or -1 }

E (a, b) is the expectation value of the product

Each experiment has two possible settings :
{ primed or unprimed }

Calculate the following function of the correlated expectations:

I2 = E (a, b)− E (a, b′) + E (a′, b) + E (a′, b′)
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The local realism formalism

Assume that there is a well-defined correlation function for the pair of
measurement outcomes:

P(SA, SB) ≡
∫

dλ⃗ a(SA, λ⃗) b(SB , λ⃗) P(λ⃗)

May depend on ‘hidden’ variables λ⃗ which have a PDF P(λ⃗)

Assumptions

a(SA, λ⃗) does not depend on SB

b(SB , λ⃗) does not depend on SA

P(λ⃗) does not depend on SA nor on SB

Demand that marginal probabilities for measurements of A and B are
non-negative
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The CHSH Bell inequality

I2 = E (a, b)− E (a, b′) + E (a′, b) + E (a′, b′)

Local realism =⇒ |I2| ≤ 2
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Quantum Mechanics violates the CHSH inequality

Find CHSH expectation values for the Bell state

|Ψ+⟩ = 1√
2
(|↑⟩A |↓⟩B + |↓⟩A |↑⟩B)

Quantum mechanics:

allows values of I2 larger than two

up to the Cirel’son bound of 2
√
2

in conflict with local realism

Maximum violation for e.g. a = 0◦, a
′
= 45◦, b = 22.5◦ and b

′
= 67.5◦
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Empirical tests of Bell Inequalities

Physical systems

photons

ions

superconducting systems

nitrogen vacancy centres

Also in pairs of three-outcome measurements using photons

Classic experiments

Freedman and Clauser (1972)

Aspect et al.’s experiments (1981 & 1982)

Zeilinger et al. (1998)

Three ‘loophole-free’ tests of 2015:
Hensen et al., Shalm et al., Giustina (et Zeilinger) et al.
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Results?

Violation of Bell inequalities in each case

In the tested systems and at the tested energies
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H → W +W− as a Bell experiment
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Spin in the H → W+W− decay

The Higgs boson is a scalar, while W± bosons are vector bosons.

H → W+W− decays produce pairs of W bosons in a singlet spin
state

In the narrow-width and non-relativistic approximations:

|ψs⟩ = 1√
3

(
|+⟩ |−⟩ − |0⟩ |0⟩+ |−⟩ |+⟩

)
This is also a Bell state

Bell inequality tests deep in the realm of QFT

Many orders of magnitude different in energy, length, timescale from
existing measurements
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W bosons are their own polarimeters

V − A decays

SU(2) weak force is chiral

W+ → ℓ+R + νL

W− → ℓ−L + ν̄R

Decay of a W± boson is equivalent to a measurement of its spin along the
axis of the emitted lepton
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Getting the directions right

ℓ+ is emitted preferentially along spin direction (of W+)
ℓ− is emitted preferentially against spin direction (of W−)

The W± spins are in different directions

So the two leptons prefer to go in the same direction as each other
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ℓ+ℓ− azimuthal correlations in H → W+W−
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Higgs signal concentrated at small ∆ϕℓℓ

Used e.g. in discovery searches

Q: Can we measure Bell inequality in this system?
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\begin{interlude}
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discovernorthernireland.com
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discovernorthernireland.com


÷
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BBC news 19 February 2015
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\end{interlude}
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Some tools from quantum
information theory
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The density matrix ρ

A fully-characterised quantum system is described by a ket |ψ⟩
Expectation values of measurement operator A are given by

⟨ψ| A |ψ⟩

A more general, not-fully-characterised, quantum system is described
by a density matrix ρ

ρ =
∑
i

pi |ψ⟩i ⟨ψ|i

pi is classical probability
ρ is a non-negative hermitian operator with unit trace

Expectation values for operator A for ρ are given by:

⟨A⟩ = tr(ρA)
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Also true for e.g. W±, Z 0, t , τ
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Transforming between the spaces
The Wigner-Weyl formalism for spin

Operator → function

ΦQ
A (n̂) = ⟨n̂|A|n̂⟩

Wigner Q symbols

Function → operator

A =
2j + 1

4π

∫
dΩn̂ |n̂⟩ΦP

A(n̂) ⟨n̂| ,

Wigner P symbols
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Parameterise ρ
Symmetrically for qutrits in terms of the Gell-Mann matrices λi

Single vector boson

ρ = 1
3 I3 +

8∑
i=1

aiλi ,

ai : 8 real parameters (32 − 1)

Generalised Gell-Mann matrices λ
(d)
i exist for any spin

For spin-half (d = 2) they are the Pauli matrices and we get the
Bloch sphere

For d = 3 they are the eight generators of SU(3)

Other parameterisations, e.g. Cartesian Tensors are good alternatives
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Parameterise ρ – bipartite system
Symmetrically for qutrits in terms of the Gell-Mann matrices λi

Single vector boson

ρ = 1
3 I3 +

8∑
i=1

aiλi ,

ai : 8 real parameters (32 − 1)

Two vector bosons

ρ = 1
9 I3 ⊗ I3 +

8∑
i=1

ai λi ⊗ 1
3 I3 +

8∑
j=1

bj
1
3 I3 ⊗ λj +

8∑
i ,j=1

cij λi ⊗ λj ,

8+8+64 = 80 real parameters (92 − 1)
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Angular distributions for each parameter

Wigner Q functions for the eight Gell-Mann matrices

37 / 55



Extracting the parameters experimentally

Parameters of ρ are the experimentally-measurable classical averages of
the Wigner P functions

âi =
1

2

〈
ΦP
i (n̂1)

〉
av

b̂i =
1

2

〈
ΦP
i (n̂2)

〉
av

ĉij =
1

4

〈
ΦP
i (n̂1) Φ

P
j (n̂2)

〉
av

38 / 55



Quantum State Tomography example
Higgs boson decays

Density matrix parameters from simulated Higgs boson decays to vector
bosons (Madgraph, no background)
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Testing a Bell Inequality
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The CGLMP Qutrit inequality
Collins Gisin Linden Massar Popescu (2002)

The optimal Bell inequality for pairs of qutrits

CGLMP function

I3 = P(A1 = B1) + P(B1 = A2 + 1)

+ P(A2 = B2) + P(B2 = A1)

− P(A1 = B1 − 1)− P(B1 = A2)

− P(A2 = B2 − 1)− P(B2 = A1 − 1).

P(Ai = Bj + k) is the probability that Ai and Bj differ by k mod 3
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CGLMP limits?

In a local realist theory
I3 ≤ 2

In QM
IQM
3 ≤ 1 +

√
11/3 ≈ 2.9149

In QM for a maximally entangled state

IQM,singlet
3 ≤ 4/(6

√
3− 9) ≈ 2.8729
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Testing the CGLMP inequality

Knowing elements of ρ calculate

I3 = tr(ρBxy
CGLMP)

where the CGLMP operator is

Bxy
CGLMP = − 2√

3
(Sx ⊗ Sx + Sy ⊗ Sy ) + λ4 ⊗ λ4 + λ5 ⊗ λ5

where
Sx = 1√

2
(λ1 + λ6) and Sy = 1√

2
(λ2 + λ7).
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H → W+W− simulated results

In idealised, numerical simulation of H → W+W−, with finite width
effects and relativistic effects:

I3 ≈ 2.6
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Doing for real & doing better?
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Bell operator optimisation

Optimal Bell operator not known in the general case.

Use freedom in measurement observables to perform independent
unitary transformations on each side of the experiment

B −→ (U ⊗ V )† · B · (U ⊗ V )

U, V independent 3× 3 unitary matrices, optimised for each
kinematic process

Fabbrichesi et al. 2302.00683

46 / 55

https://arxiv.org/abs/2302.00683


H−→ WW ∗

Optimised Bell Operator Bound on the concurrence
> 2? > 0?

Fabbrichesi et al. 2302.00683
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pp−→ ZZ

Optimised Bell Operator Bound on the concurrence
> 2? > 0?

Fabbrichesi et al. 2302.00683
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Searching Beyond the Standard Model?

concurrence purity

Production of W±/Z pairs at pp, e+e−

Quantum spin observables complementary probes of Wilson
coefficients/EFT

Offer increased sensitivity to certain operators

Aoude, Madge, Maltoni, Mantani Probing new physics through
entanglement in diboson production 2307.09675
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Semi-leptonic h → WW ∗ → ℓ−ν̄cs̄

Semi-leptonic channel allows neutrino weighting reconstruction
Charm tagging allows identification of spin from angular distribution of
hadronic W

Lumi [fb−1] ⟨Bzx
CGLMP⟩ (idealised) Signif. (idealised)

139 2.45 ± 0.25 (0.18) 1.8 (2.5)
300 2.45 ± 0.17 (0.12) 2.65 (3.75)
3000 2.45 ± 0.05 (0.04) 9.0 (11.25)

Fabbri, Howarth, Maurin Isolating semi-leptonic H → WW ∗ decays for
Bell inequality tests 2307.13783
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Hot off the press!
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Observation of entanglement in tt̄

Entangled?

Addresses the question can we write:

ρ
?
=

∑
i

pi ρA ⊗ ρB pi ≥ 0,
∑

pi = 1

as a convex sum of product states?

Yes =⇒ separable

No =⇒ entangled

Entangled states are a superset of Bell-violating states

Physics Briefing / ATLAS-CONF-2023-069 / TOP2023 presentation
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Highest-energy detection of quantum entanglement

tt̄ spin-qubit pair

Decay before hadronisation

Leptons measure top spin

Entanglement witness D

∃ no separable states with
D < −1

3

New result

Dobs = −0.547± 0.002 [stat.]± 0.021 [syst.] (> 5σ)

Physics Briefing / ATLAS-CONF-2023-069 / TOP2023 presentation
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The LHC: a laboratory for probing quantum foundations

Weak bosons are wonderful quantum probes

Quantum spin self measurement via chiral weak decays

Expect entanglement and even Bell inequality violation

Spin density matrix can be reconstructed from angular distributions
(‘tomography’)

A wide-ranging quantum programme is possible @ LHC

Local realism tests at ∼ 1012 higher energy

Probes of quantum measurement

Exchange symmetry and distinguishablity

All in an unexplored region
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EXTRAS

Image from ATLAS physics briefing
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So what?

If we observe Bell Inequality violation:

A very different sort of Bell test:

12 orders of magnitude higher energy that existing tests
(shorter time scale, shorter length scale. . . )

In ‘self-measuring’ quantum system

Deep in the realm of quantum field theory
(virtual particles)

in qutrit rather than qubit systems

If we don’t observe Bell Inequality violation (when we expect to):

We have an even more surprising and consequential result . . .

(and yes, it’s also a good way to find new fields)
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Lots of other interesting work in this area, including:

Aguilar-Saavedra, Bernal, Casas, Moreno Testing entanglement and
Bell inequalities in H → ZZ 2209.13441

Aguilar-Saavedra, Laboratory-frame tests of quantum entanglement in
H → WW , 2209.14033

Fabbrichesi, Floreanini, Gabrielli, Marzola Stringent bounds on HWW
and HZZ anomalous couplings with quantum tomography at the LHC
2304.02403

Morales Exploring Bell inequalities and quantum entanglement in
vector boson scattering 2306.17247

Bi, Cao, Cheng, Zhang New observables for testing Bell inequalities in
W boson pair production 2307.14895

Aguilar-Saavedra, Post-decay quantum entanglement in top pair
production 2307.06991

3 / 17

https://arxiv.org/abs/2209.13441
https://arxiv.org/abs/2209.14033
https://arxiv.org/abs/2304.02403
https://arxiv.org/abs/2306.17247
https://arxiv.org/abs/2307.14895
https://arxiv.org/abs/2307.06991


Optimising CHSH inequality over directions

Find d and its transpose dT

Find real symmetric positive matrix M = dTd

Find e-vals µ1 ≥ µ2 ≥ µ3 of M

Find sum ΣCHSH = µ1 + µ2 of two largest

Finally the CHSH Bell inequality is violated iff

ΣCHSH > 1
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Maximally entangled qubit pair states

The states for which the Bell inequality violation is maximal are

|Φ+⟩ = 1√
2
(|0⟩A |0⟩B + |1⟩A |1⟩B)

|Φ−⟩ = 1√
2
(|0⟩A |0⟩B − |1⟩A |1⟩B)

|Ψ+⟩ = 1√
2
(|0⟩A |1⟩B + |1⟩A |0⟩B)

|Ψ−⟩ = 1√
2
(|0⟩A |1⟩B − |1⟩A |0⟩B)

These are the Bell states: the maximally entangled states of two qubits

|ψ⟩AB ∈ (C2)2

Basis for each qubit {0, 1}
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QFT calculations

AJB, P. Caban, J. Rembieliński — 2204.11063 [quant-ph]
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https://arxiv.org/abs/2204.11063


Loopholes
Rachel Ashby-Pickering (MMathPhys project)

Freedom of Choice: potential that the violation came from a sort of
‘conspiracy’ of a locally causal system.

Memory: potential to ‘remember’ earlier settings of the measurement
and so predict the next one, or if the experimental runs aren’t
independent

Efficiency: potential that the measurements are not representative of
the underlying reality.

Communication/Locality: potential that the measurement settings
of one of the systems, or the measurement itself could influence the
measurement settings or outcome of the other system.

(+other more extreme ways to avoid non-locality: retrocausality,
superdeterminism, denial of realism)

Text by Rachel Ashby-Pickering
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Three ‘loophole-free’ measurements (2015)
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‘Loophole free’ measurements

Went to particular trouble to ensure e.g.:

measurements are space-like separated

rapid switching of measurements

basis choice space-like separated from measurement of other system

measurement settings are ‘random’
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Communication loophole

Photon experiments aim for
large distances

Wish to have space-like
separation of measurements (&
decisions)

H → W+W− based on QFT
calculation

Mixture of space-like and
time-like contributions to
amplitude
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Results: Can assert space-like separation at least on a statistical basis

Rachel Ashby-Pickering
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Freedom of choice loophole

Shalm et al 2015

Many ‘Loophole free’ Bell tests
use quantum randomness for n̂
choice
(amongst other more curious

choices)

So does H → W+W−
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Experimental dependence @ LHC?

Simulate LHC: 140/fb pp @ 13 TeV with Madgraph Monte Carlo
simulation

No backgrounds, some basic selection cuts, Gaussian smearing of
each of the W boson momentum components

Expt. Assumptions Truth ‘A’ ‘B’ ‘C’

Min pT (ℓ) [GeV] 0 5 20 20
Max |η(ℓ)| — 2.5 2.5 2.5
σsmear [GeV] 0 5 5 10

Ixyz
3 2.62 2.40 2.75 2.16

Signif. (Ixyz
3 − 2) 11.7σ 5.2σ 5.3σ 1.0σ

CAVEAT: Indicative only – more realistic version being investigated
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In case you’re curious

The CGLMP operator is1

Bxy
CGLMP =



0 0 0 0 0 0 0 0 0
0 0 0 − 2√

3
0 0 0 0 0

0 0 0 0 − 2√
3

0 2 0 0

0 − 2√
3

0 0 0 0 0 0 0

0 0 − 2√
3

0 0 0 − 2√
3

0 0

0 0 0 0 0 0 0 − 2√
3

0

0 0 2 0 − 2√
3

0 0 0 0

0 0 0 0 0 − 2√
3

0 0 0

0 0 0 0 0 0 0 0 0



1after a minor tweak – see 2106.01377
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CGLMP limits?

In a local realist theory
I3 ≤ 2

In QM
IQM
3 ≤ 1 +

√
11/3 ≈ 2.9149

In QM for a maximally entangled state

IQM,singlet
3 ≤ 4/(6

√
3− 9) ≈ 2.8729

This is the tightest Bell inequality for pairs of three-outcome experiments
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Finding a form for ρ

Parameterise ρ

Spin matrices and their pairwise symmetric products

ρW = 1
3 I3 +

3∑
i=1

aiSi +
3∑

i ,j=1

cijS{ij},

where
S{ij} ≡ SiSj + SjSi

ai form a real vector

cij form a real symmetric traceless matrix

3 + 5 = 8 real parameters
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Finding ρ - ‘quantum state tomography’

ρW = 1
3 I3 +

3∑
i=1

aiSi +
3∑

i ,j=1

cijS{ij},

Use the trace orthogonality relations

tr(Si ,Sj) = 2δij and tr(Si , S{jk}) = 0

For an ensemble of W± decays we can get the ai parameter of ρW from
data

Lepton directions → ρW

⟨ξ±i ⟩av ≡ ⟨n̂ℓ± · êi ⟩av = tr(ρWSi ) = 2ai
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