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Abstract

In weakmagneticturbulence,thequasi-linear, diffusivepredictionfor thespreadingof magneticfield lines,
asafunctionof theelapseddistance� alongthemainmagneticfield,

����
, requirestheexistenceof asufficiently

smallcorrelationlength,��� , thatreliesupontheflatteningof thepowerspectrumat low wavenumbers.Recent
measurementsof thesolarwind magneticpowerspectrum,however, indicatearathercomplex spectrumatlow
frequencies.Thetransportexponentof themagneticfield lines, � , definedby 	�

�������� ��� , will becalculated
here,for a generalspectrumof turbulence. Normal ( ����� ), supra-( ����� ) andsub-diffusive ( ����� )
predictionswill bemade,dependingon thelengthscale,� , andtheform of the3D-spectrum.In particular, it
will beshown thatif the“quasilinearapproximation”holds,adiffusionof themagneticfield lines,in thesolar
wind, is veryunlikely below a few AU.

1 Intr oduction
In both, the interstellarandinterplanetarymedia,is the transportof cosmicraysacrossthe regularcom-

ponentof themagneticfield, for a largepart, inducedby thetransportof themagneticfield linesthemselves
(Jokipii 1966,1973;Schlickeiser1994). Theunderstandingof thebehavior of magneticfield lines, in a tur-
bulencecomposedof randomfluctuations, �� , superimposedon a mainmagneticfield,

�� �
, is thusessential

to modelthepropagationof thecosmicrays.Thecaseof “small” magneticfield perturbationis treatedby the
quasilineartheory(Jokipii & Parker 1968,1969;Jones1971),which neglectstheperpendiculardisplacement
of thefield linesin thederivationof theirspreading(first orderderivationin  �"!#� � ), andpredictstheirdiffu-
sionbeyondtheparallelcorrelationlength, �$�&% , definedasthecharacteristicscaleof thetwo-pointcorrelation
function. Thereis a strongbelief amongastrophysicists,andphysicistsin general,thataslong asthequasi-
linearapproximationholds,i.e., aslong astheperpendiculardisplacementcanbeneglected,thequasilinear
theorydoespredicta diffusionof the magneticfield lines — i.e., their linear spreadingacrossthe direction
of
�� �

, with thedistance� along
�� �

. However, this diffusive resultis conditionedby theexistenceof a finite
correlationlength, � � % , smallenoughto considerthetransportof thefield linesonmuchlongerscales.

In theinitial papers(seereferencesaboveandJokipii & Coleman1968),thiscorrelationlengthis estimated
astheinverseof theupperwavenumberin thelow, flat partof theturbulencespectrum.Indeed,apowerspec-
trumflat below '"�(�*),+� producesacorrelationfunctionof themagneticfieldperturbationwith anexponential
cut-off of characteristicscale�$� , andin the60’s,70’s,observationsin thesolarwind seemedto indicateaflat-
teningof thespectrumbelow �.- )0/ Hz, which for anAlfv énspeed1324�65879�.-�: cm.s),+ correspondsto a length
scaleof �.-8)0� AU, muchsmallerthat the sizeof the solarsystem. Recentmeasurementsof the solar-wind
magneticpowerspectrum,however, donotconfirmthespectralflatteningatsuchahighfrequency. In fact,the
spectrumat low frequenciesis very muchinfluencedby thesolarrotation,andit is difficult to infer from the
measuredfrequency spectrum,whatthe

�' -spectrum,projectedalongthemainmagneticfield, atonetime,and
alongoneflux tube— which is theoneneededto derive thefield linesspreading—, really is. But thestrong
anisotropy of thespectrum,observedin thesolarwind (Ghoshetal. 1998— seealsoreferencestherein),seem
to privilegeanextendedslopeof theprojected'<; -spectrum,down to very low wavenumbers— theprojection
of a 3D-spectrumis flat below the injectionscalewhenthe spectrumis isotropic,but not if it is anisotropic
(see,for instance,Ragot?). In this caseof extended,non-flatprojectedspectrum,a studyof the field lines
transportis still needed,evenin thequasilinearregimeof magneticfield perturbation.

We will briefly presenthere,in thequasilinearregime, thecalculationof thefield linesspreading,	�
>= � � ,
across

��?�
, asafunctionof thelengthscale,� , andtheformof the3D-spectrumof themagneticturbulence.We



will deducefrom thiscalculationthetransportexponent,� , definedby 	�

= � �@� � � (e.g., Ragot& Kirk 1997),
andshow thata decreasingpower towardstheincreasingwavenumbersproducesa supradiffusion( �A�B� ) of
thefield lines,whereasa increasingpower (invertedspectrum)yieldsa subdiffusion ( �C�D� ), aslong asthe
spectralindex is not too high in absolutevalue. Finally, we will apply theseresultsto thesolarwind, where
wewill assumethatthequasilinearapproximationholds,whichmightbetruefar from thepoles.

2 Field linesspreadingand transport exponent
If theperpendiculardeviation is neglected— “quasilinearapproximation”—, thedisplacement,alongthe

axis = , of thefield line thatgoesthroughthepoint
�� � �FEG= �IHKJ��IH � �ML canbewrittenas

=N�O=PE �� � H � LPQ = � � RTSSVU�WYX EG= � HKJ � H ��Z L\[ ��Z H (1)

where
�W standsfor  ��]!#� � , sothatthevariance	�

=^� � , where 	 � denotesanaverageoverastatisticalensemble

of systems,canbeexpressedas:	�

= � � � RTSS U [ ��Z RTSS U [ ��Z Z 	 WYX EG= � HKJ � H ��Z L WYX EG= � HKJ � H ��Z Z L � �6_�
 � Ra`PS� [8bdc � Q b
 �,egf X.X E bIL 7 (2)

f X.X E b#L ��	 WYX EG= � HKJ � H � � L WYX EG= � HKJ � H � �ih b#L � is thetwo-pointcorrelationfunctionof themagneticfield along= . In theusualquasilineartheory, f X.X is assumedto “cut-off ” on thelengthscale�$� % — parallelcorrelation
length—, andthelimit 
 �kj � � % is taken,sothat	�

=^� �_�
 � � Ral,m� [8b f X.X E bIL�n(o 7 (3)

It shows thatfield linesdiffuseon lengthscalesmuchlongerthan ���K% , with thediffusioncoefficient
o

, but it
doesnotprove that ��� % exists,andis verymuchsmallerthanthesizeof thesystem,which is justnecessaryto
observe adiffusion in thesystem.

Droppingthe assumptionconcerningthe existenceof a finite correlationlength � � % , we calculatebelow
thefield linesspreadingfor ageneralpower spectrumof turbulence.From

WYX E �� L �6_ R [ �' � RapYq� [ ' ;0rWYX E �' L8sut�viw �' �yx �� h ' ; � h{z�|p#} H (4)

rWYX E �' L�~.������ being the Fourier transformof WYX E �� L — rWYX E �' L ��- —, and '�� the largestwavenumberin the
spectrum,wecanshow that:	KEG= Q = � L � � �6_�'��� R SS U [ � Z R SS U [ � Z Z R [ �' W �X E �' L8sut�v E�' ; E � Z Q � Z Z LKLiH (5)

where ' � is theminimumwavenumber— the inverseof the system’size. To derive Eq. (5), we assumed,
asin thequasilineartheory, that thephases

z�|p decorrelateon thescale' � — no spectralstructuring.(This
assumptioncouldbedroppedby introducinga differentphase-correlationscale.)Integratingover � Z and � Z Z ,
weobtain: 	KEG= Q = � L � � �(��'��� RapYq� [ ' ;T� � Q�sut�viw ' ; E � Q � � L }8� ' )0�;�� X % E�' ; L�H (6)

where � X % E�' ; L � R ���� [ z R�� p.�q ) p.� %� �@�\��� ��� p �� ) p.�%V� [ ' � ' � W �X E�' ; H ' � H z L (7)

is the = -componentof thepower spectrumprojectedalong
����

.



If theprojectedspectrum� X %ME�' ; L is smoothenoughto berepresentedasaseriesof power laws,integrating
in thecomplex plane,wecanwrite thespreadingof thefield linesasfollows:

	KEG= Q = � L � � �O��' �� � ),+¡¢�£ + � X % E�' ¢
L' )0¤\¥¢ ¦§ ¨ ' )0¤V¥M),+¢ l + Q ' )0¤\¥.),+¢Qª© ¢ Q �Q�« ¤V¥ l +&¬ � ~ �K­ � � ¤V¥ l + � E¯®iE Qª© ¢ Q � HK° ' ¢ «?LPQ ®�E Q±© ¢ Q � HK° ' ¢ l + «?LKL �8² H (8)

where¬´³ =0µ denotestherealpartof = , and®�E ©¶H = L theincompleteGammafunction.
« � � Q � � , andtheparallel

wavenumbers' + , ' � , ... ' � arechosensothatthereis awell definedspectralindex,
Qª© ¢ , between' ¢ and ' ¢ l +

— · canbearbitrarily large, to allow for anaccuratedescriptionof � X % E�'<; L . Provided thepower spectrum
is not overwhelmedby thevery low ' ; — correspondingto a dominant,perpendicular2D-turbulencewith a
“divergence”in ' ; �(- —, choosing' ),++ muchlargerthanthelargestrelevantscaleof thesystemguarantees
anegligeablecontribution from theinterval ³ - H ' + ³ of thespectrum(cf Ragot?).

FromEq. (8), wecannow estimatethetransportexponent:

� � [�¸�t�¹ 	KEG= Q = � L � �[�¸�t�¹º« H
(9)

asa functionof thespectralshape,andtheelapseddistance
«

along
�� �

. To learnabouttherelation,spectral
index of the turbulence- transportexponent,we will first assumea simplepower law

Qª©
for the turbulence

spectrum,boundby ' + and ' � .
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Figure 1: Transportexponent� asa functionof the
spectral index

©
, for

¸�t�¹ EKE�' � Q ' + LK! ' + L �¼» and¸�t�¹ E�' + «?L � Q _ . For
© � Q � , � is averagedon

«
.

Figure1 presents,asa functionof
©
, the transport

exponent� takenat a distance
«

suchthat ' ),+� ½« ½ ' ),++ . Clearly, thespreadingof thefield lines
is only diffusive whenthe spectrumis flat — and
broad,which canbe seenby plotting 	KEG= Q = �ML � �
asa functionof ' � Q ' + and

«
(cf Ragot?). For all

decreasingpower laws, thefield linessupradiffuse
( �¾�B� ), whereasfor invertedpower laws, thefield
lines subdiffuse( �¿�À� ), as long as

© � Q _ . —
Below

© � Q � , which is alreadyquiteunreallistic
for a turbulencespectrum,� doesnot converge to
a uniquevalue, but if averagedon a broadrange
of length scales

«
, tendsto 0. — The deviation

of thetransportexponentfrom its diffusive value �
alreadyexceeds-�7ÂÁ for a spectralindex of -�7Â» , in
absolutevalue.

3 Application to the solar wind and conclusion
Wenow applyrelation(8) to thesolarwind turbulence.For thiswechooseprojectedspectra,in '<; , which

correspondto theobservedfrequency spectrum(Goldsteinet al. 1995)in therangeof frequencieswhere:the
observationsexist, andarenot too muchinfluencedby thesolarrotation,i.e., above Ã��.-8) : Hz. Below, we
make thespectrumflattenin differentways(seeFig. 2). Thecasewhich shouldproducetheearliestdiffusive
spreadingis givenby a flat projectedspectrumbelow �<79�.-8)¶Ä Hz (continuousline). It appearsthatalreadyin
thiscase,� doesnot reach1 beforea few AU. Thetransportexponentobtainedby only includingfrequencies
above �.-8)0Å Hz is plottedin dashedline. It indicateswhich maximalscalecouldeffectively bestudiedon the
basisof the currentobservations— despitethe very uncertainequivalencebetweenthe observed frequency
spectrumand � X %ME�'<; L . Thedot-dashedcurve,which only differsfrom thecontinuouscurve by a slight bump



in the spectrumaround �<79�.- )¶Ä Hz, shows how sensitive to the sprectrum,the spreadingof the field lines
is. Finally, we cannot excludethat thespectralindex remainsslightly negative furtherdown (e.g., down to�.- ),+ � Hz). If so,thetransportof thefield linesremainssupradiffusive onall therelevantscalesof thesystem.
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Figure2: Projectedspectra � X %ME�'<; L usedtocompute
thetransportexponentsin Figure 3. Thespectral in-
dex

Q±©
is:
Q -�7Â» between�<79�.- )¶Ä Hzand �.- ) : Hz,

Q �
from �.-8) : Hzto �.-8)3Æ Hz,

Q �I7ÈÇ upto � Hzand
Q _87ÂÉ�Á

above. The continuousspectrumis flat between�.- ),+K+ Hz and �<79�.- )¶Ä Hz. Thedot-dashedspectrum
has a slight bump — invertedspectrumin ' ��Ê : —
between�.- )¶Ä Hz and �<79�.- )¶Ä Hz, and is flat below,
downto �.-8),+K+ Hz. Between�.-8) : Hz and �.-8),+ � Hz,
thespectral index is

Q -�7Ë� for thedotcurve.
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Figure 3: Transportexponent� , asa functionof the
logarithm of the distance

«
, in astronomicalunits,

for the different modelsof solar wind turbulence
which projectedspectra are presentedin Figure 2.
Theline stylesare identicalin bothfigures.Thespec-
trum correspondingto the long-dashedline is iden-
tical to theonein continuousline downto �.- )0Å Hz,
and cutsoff below. Above �.-8)¶Ä Hz ( ÌÍ-�7ÂÁ AU), the
spectra are basedon the observationsby Goldstein
etal. (1995). 1 2 �Î5879�.- : cm.s),+ .

In thequasilinearregimeof magneticfield turbulence,we have shown that to a positive spectralindex
©

of the turbulence,correspondsa supradiffusion ( �Ï��� ) of the magneticfield lines. For an invertedspec-
trum, the transportremainssubdiffusive ( �C�Ï� ) aslong as

© � Q _ . Usingrecentobservationsof thesolar
wind turbulencespectrum,we have found that the spreadingof the magneticfield lines, if the “quasilinear
approximation”holds,cannotbediffusive beforea few AU in theheliosphere.
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