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Abstract

In weakmagnetidurbulence thequasi-linegrdiffusive predictionfor thespreadingf magnetidield lines,
asafunctionof theelapsediistance: alongthemainmagnetidield, By, requiresheexistenceof asuficiently
smallcorrelationlength, L., thatreliesupontheflatteningof the power spectrumatlow wavenumbersRecent
measurementsf thesolarwind magnetiqower spectrumhowever, indicatearathercomple spectrunmatiow
frequenciesThetransporexponentof the magnetidield lines, «, definedby (Ar? ) « 2%, will becalculated
here,for a generalspectrumof turbulence. Normal (¢ = 1), supra-(a > 1) andsub-difusive (a < 1)
predictionswill be made,dependingn thelengthscalez, andthe form of the 3D-spectrumIn particulay it
will beshavn thatif the“quasilinearapproximation'holds,adiffusionof themagnetidield lines,in thesolar
wind, is very unlikely belov afew AU.

1 Intr oduction

In both, the interstellarandinterplanetarymedia,is the transportof cosmicraysacrossthe regular com-
ponentof the magneticfield, for alarge part,inducedby the transporiof the magneticfield linesthemseles
(Jokipii 1966,1973; Schlickeiser1994). The understandin@f the behaior of magneticfield lines, in a tur-
bulencecomposef randomfluctuationsﬁB', superimposedn a main magneticfield, EO, is thusessential
to modelthe propagatiorof the cosmicrays. The caseof “small” magnetidield perturbationis treatedoy the
guasilineatheory(Jokipii & Parker 1968,1969;Jonesl971),which ngglectsthe perpendiculadisplacement
of thefield linesin thederivation of their spreadindfirst orderderivationin 6 B/ By), andpredictstheir diffu-
sionbeyondtheparallelcorrelationlength, L. , definedasthe characteristiscaleof thetwo-pointcorrelation
function. Thereis a strongbelief amongastrophysicistsand physicistsin generalthataslong asthe quasi-
linear approximatiorholds,i.e., aslong asthe perpendiculadisplacementanbe neglected,the quasilinear
theorydoespredicta diffusion of the magneticfield lines— i.e., their linear spreadingacrossthe direction
of By, with the distancez anngEO. However, this diffusive resultis conditionedby the existenceof afinite
correlationlength, L., , smallenoughto considerthetransporbf thefield linesonmuchlongerscales.

In theinitial paperqseereferencesbove andJokipii & Colemarnl968),this correlationengthis estimated
astheinverseof theupperwavenumbetin thelow, flat partof theturbulencespectrumindeeda powver spec-
trumflatbelon k£ = L' producescorrelatiorfunctionof themagnetidield perturbatiorwith anexponential
cut-of of characteristiscaleL., andin the60's, 70’s, obserationsin thesolarwind seemedo indicatea flat-
teningof thespectrunmbelav 10~ Hz, whichfor anAlfv énspeed/, = 3.10° cm.s ! correspondso alength
scaleof 10~2 AU, much smallerthat the size of the solar system. Recentmeasurementsf the solarwind
magnetigpower spectrumhowever, donotconfirmthespectraflatteningat sucha highfrequeng. In fact,the
spectrumat low frequenciess very muchinfluencedby the solarrotation,andit is difficult to infer from the
measuredrequeny spectrumwhattheE-spectrumprojectechlongthe mainmagnetidield, atonetime, and
alongoneflux tube— whichis the oneneededo derive thefield linesspreading—, reallyis. But thestrong
anisotroy of thespectrumpbseredin thesolarwind (Ghoshetal. 1998— seealsoreferencegherein) seem
to privilege anextendedslopeof the projectedk; -spectrumgdown to very low wavenumbers— the projection
of a 3D-spectrunis flat belav the injection scalewhenthe spectrumis isotropic, but not if it is anisotropic
(see,for instance Ragot?). In this caseof extendednon-flatprojectedspectruma study of the field lines
transports still neededgvenin the quasilinearegime of magnetidield perturbation.

We will briefly presentere,in the quasilinearregime the calculationof thefield lines spreading{Az?),
acrossé'(), asafunctionof thelengthscale z, andtheform of the3D-spectrunof themagnetidurbulence We



will deducefrom this calculatiorthetransporexponent, definedoy (Az?) « 2 (e.g., Ragot& Kirk 1997),
andshav thata decreasingpower towardsthe increasingvavenumbergroduces supradifusion (a > 1) of
thefield lines, whereasa increasingpower (invertedspectrum)ields a subdifusion (o < 1), aslong asthe
spectralindex is not too high in absolutevalue. Finally, we will applytheseresultsto the solarwind, where
wewill assumehatthe quasilineaapproximatiorholds,which might betruefar from thepoles.

2 Field lines spreadingand transport exponent
If the perpendiculadeviation is neglected— “quasilinearapproximation™—, thedisplacementalongthe
axisz, of thefield line thatgoesthroughthe point7, = (zo, yo, z0) canbewrittenas

z
Az = :L'(’F(),Z) — X = / bw(anyOaz,)dz’ ) (l)
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whereb standgor 6B / By, sothatthevariance{Az2), where( ) denotesinaverageover astatisticaensemble
of systemscanbeexpresseds:
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Rz (s) = (bz(z0, Y0, 20)bz(x0, Y0, 20 + 3)) IS thetwo-pointcorrelationfunction of the magneticfield along
z. In theusualquasilineatheory R, is assumedo “cut-off” onthelengthscaleL,, — parallelcorrelation
length—, andthelimit Az > Le, is taken,sothat

(Az?)
20z

+o0
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It shaws thatfield linesdiffuseon IengthscalesnuchIongerthanLc”, with thediffusion coeficient D, but it
doesnotprove that L., exists,andis verymuchsmallerthanthesizeof thesystemwhichis justnecessarjo
obsere adiffusionin the system.

Droppingthe assumptiorconcerningthe existenceof a finite correlationlength L, , we calculatebelow
thefield linesspreadindor agenerapower spectrunof turbulence.From

f') _Z/dkL/ dk‘H COS (kL r-l—k”z-l-gbk) . (4)

by (k)€'% beingthe Fourier transformof b, (7) — b,(k) > 0 —, andky, the largestwavenumberin the
spectrumwe canshaow that:

((z — m0)?) = 2k3, / dz' / dz"/dkb2 cos(k (2 — 2")) , (5)

wherek,, is the minimumwavenumber— the inverseof the system’size. To derive Eq. (5), we assumed,
asin the quasilineattheory thatthe phasesp;: decorrelateon the scalek,, — no spectralstructuring. (This
assumptiorcould be droppedby introducinga differentphase-correlatioacale.) Integratingover 2’ and 2",
we obtain:

(2 — 70)?) = 4K3, /kM dk 1~ cos (k:”(z — 20))| K 2Py (k) (6)

where dky k1 b%(k), kL, ¢) (7)
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is thez-componenbof the pa/verspectrurrprOJectecbIongBo.



If the projecteolspectruqu;|| (k) is smoothenougito berepresentedsaseriesof poverlaws, integrating
in the comple plane,we canwrite the spreadingf thefield linesasfollows:

J-1 PJZ (k]) k__{_l{_l . k-_aj_l
(o= w0)’) = 4k 3 5= 1~ ]
J= J

—a; —1

~ 7R [ (D(—a; - 1,ik; Z) — T(—a; — 1,ik;412))| } (8)

whereR[z] denotesherealpartof z, andl'(a, z) theincompleteGammefunction. Z = z—z,, andtheparallel
wavenumbers, ko, ... ky arechosersothatthereis awell definedspectraindex, —a;, betweerk; andk;
— J canbearbitrarily large, to allow for anaccuratedescriptionof P (k). Providedthe power spectrum
is not overwhelmedby the very low & — correspondingo a dominant,perpendicula@D-turlulencewith a
“divergence”in k| = 0 —, choosing’cf1 muchlargerthanthelargestrelevantscaleof the systemguarantees
angyligeablecontritution from theintenal [0, k1 | of thespectrum(cf Ragot?).

FromEqg. (8), we cannow estimatehetransporiexponent:

_ dlog{(z — z0)%)

“= dlog Z ’ ©

asafunctionof the spectrashapeandthe elapsediistanceZ alongB,. To learnaboutthe relation,spectral
index of the turbulence- transportexponent,we will first assumea simplepower law —a for the turbulence

spectrumpoundby k1 andks. Figurel presentsasa function of a, the transport
) exponenta takenat a distanceZ suchthatk; ' <
— AR S kl‘l. Clearly the spreadingof the field lines
s is only diffusive whenthe spectrumis flat — and
' broad,which canbe seenby plotting ((z — z¢)?)
asafunctionof k2 — k1 andZ (cf Ragot?). For all
s 1 decreasingower laws, thefield lines supradifuse
(a > 1), whereador invertedpower laws, thefield
0.5 lines subdifuse (o« < 1), aslongasa > —2. —
/ Below a = —1, which s alreadyquite unreallistic
0b—n—1 for a turbulencespectruma doesnot conveme to
2 1 3 ! 2 a uniquevalue, but if averagedon a broadrange
of lengthscalesZ, tendsto 0. — The deviation

Figure 1: Transportexponenix asa functionof the of thetransportexponentfrom its diffusive value 1
spectal index a, for log((k; — k1)/k1) = 6 and alreadyexceedd).5 for a spectralindex of 0.6, in
log(k1Z) = —2. Fora < —1, aisavergedon Z. absolutevalue.

3 Application to the solar wind and conclusion

We now applyrelation(8) to the solarwind turbulence.For this we chooseprojectedspectrajn k;, which
correspondo theobseredfrequeng spectrum(Goldsteinetal. 1995)in therangeof frequenciesvhere:the
obserationsexist, andare not too muchinfluencedby the solarrotation,i.e., abore ~ 10~% Hz. Below, we
malke the spectrunflattenin differentways(seeFig. 2). The casewhich shouldproducethe earliestdiffusive
spreadings given by aflat projectedspectrunbelonr 4.10~7 Hz (continuoudine). It appearshatalreadyin
this case doesnotreachl beforeafew AU. Thetransporexponentobtainedby only includingfrequencies
above 108 Hz is plottedin dashedine. It indicateswhich maximalscalecould effectively be studiedon the
basisof the currentobserations— despitethe very uncertainequivalencebetweenhe obsered frequeng
spectrunand Py (k). Thedot-dashedurwe, which only differsfrom the continuouscurve by aslight bump



in the spectrumaround4.10~7 Hz, shawvs how sensitve to the sprectrum the spreadingof the field lines
is. Finally, we cannot excludethatthe spectralindex remainsslightly negative furtherdown (e.g., down to
1010 Hz). If so,thetransporbf thefield linesremainssupradifusive on all therelevantscalesof the system.
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Figure2: Projectedspecta P (k) usedto compute
thetransportexponentsn Figure 3. Thespectal in-

dex —ais: —0.6 betweert.10~7 Hzand10~6 Hz, -1

from10~% Hzto 10~* Hz,—1.7 upto 1 Hzand —2.85

abore The continuousspectrumis flat between
10 ' Hz and 4.10~” Hz. The dot-dashedspectrum
has a slight bump — inverted spectrumin k%6 —

betweenl0~7 Hz and 4.10~7 Hz, and is flat below

downto 10~ Hz. Betweenl0~% Hz and 10~1% Hz,

thespectal index is —0.4 for thedot curve
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Figure 3: Transportexponenty, asa functionof the
logarithm of the distanceZ, in asttonomicalunits,
for the different modelsof solar wind turbulence
which projectedspecta are presentedn Figure 2.
Theline stylesare identicalin bothfigures. Thespec-
trum correspondingo the long-dashedine is iden-
tical to the onein continuoudine downto 108 Hz,
and cutsoff below Above 10~7 Hz (~ 0.5 AU), the
specta are basedon the observationsy Goldstein
etal. (1995).V4 = 3.106cm.s!.

In the quasilinearregime of magneticfield turbulence,we have shawvn thatto a positive spectralindex a
of the turbulence,corresponds supradifusion (« > 1) of the magneticfield lines. For aninvertedspec-
trum, the transportremainssubdifusive (o < 1) aslongasa > —2. Usingrecentobsenrationsof the solar
wind turbulencespectrumwe have found that the spreadingof the magneticfield lines, if the “quasilinear
approximation’holds,cannotbe diffusive beforeafew AU in theheliosphere.
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