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Mrkq Z1 Elhehu/ Ulfkdug O1 Pdfh/ dqg Z1 K1 Pdwwkdhxv/

Eduwro Uhvhdufk Lqvwlwxwh/ Xqlyhuvlw| ri Ghodzduh/ Qhzdun/ GH 4<:49/ XVD
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Wkh shushqglfxodu gl�xvlrq ri fkdujhg sduwlfohv lq udqgrp pdjqhwrvwdwlf vode �hogv lv lqyhvwljdwhg
qxphulfdoo|/ sulpdulo| dv d phdqv wr fkhfn wkh ydolglw| ri d uhfhqw wkhru| +Elhehu dqg Pdwwkdhxv/
4<<:, iru wkh shushqglfxodu gl�xvlrq frh�flhqw �z1 Wkh qxphulfdo uhvxowv vxjjhvw wkh iroorzlqj= +4,
wkh wkhru| djuhhv yhu| zhoo zlwk wkh qxphulfdo h{shulphqwv iru odujh 
�  4/ zkhuh 
 lv wkh sduwlfoh
j|uriuhtxhqf| dqg � lv d uljlglw| ghshqghqw ghfruuhodwlrq wlph> +5, iru lqwhuphgldwh ydoxhv/ l1h1/ iru
5 � 
� � 7 wkh wkhru| surylghv d ehwwhu �w wr wkh qxphulfdo gdwd wkdq grhv wkh vwdqgdug txdvlolqhdu
uhvxow �z @ yS%%+3,@7Ef> +6, iru 
� ? 4 wkh wkhru| grhv qrw �w wkh h{shulphqwdo gdwd txdqwlwdwlyho|
ru txdolwdwlyho|1 Lw lv vxjjhvwhg wkdw wkh euhdngrzq iru 
� ? 4 lv uhodwhg wr wkh irup ri wkh lqlwldo
dqvdw} iru wkh yhorflw| fruuhodwlrq ixqfwlrq lq wklv uhjlrq ri sdudphwhu vsdfh1

� W?|hL_�U|�L?G

Wkhruhwlfdo xqghuvwdqglqj ri shushqglfxodu gl�xvlrq ri fkdujhg sduwlfohv lv fuxfldo lq d ydulhw| ri
dvwursk|vlfdo vhwwlqjv/ dv lw/ dorqj zlwk guliwv/ surylghv d sulpdu| phfkdqlvp iru wudqvsruwlqj fkdujhg
sduwlfohv dfurvv pdjqhwlf �hog olqhv1 Wkhvh surfhvvhv duh hvshfldoo| uhohydqw lq wkh rxwhu kholrvskhuh/
ehfdxvh wkh odujh~vfdoh pdjqhwlf �hog wkhuh lv qhduo| shushqglfxodu wr wkh udgldo gluhfwlrq1 Lq vslwh ri
lwv lqwulqvlf lpsruwdqfh/ d ixqgdphqwdo wkhru| ri shushqglfxodu wudqvsruw lv qrw dv |hw zlgho| djuhhg
xsrq/ dqg revhuydwlrqv frqwlqxh wr srvh fkdoohqjhv +Gz|hu hw do/ 4<<:, iru wkhruhwlfdo h{sodqdwlrqv1
Dv vxfk/ lqyhvwljdwlrqv ri frvplf ud| prgxodwlrq riwhq dgrsw hpslulfdoo| ghwhuplqhg shushqglfxodu
gl�xvlrq frh�flhqwv/ uhsuhvhqwhg e| vlpsoh dg krf ixqfwlrqdo irupv +h1j1/ Fxpplqjv hw do1/ 4<<7>
Exujhu/ 4<<3,1 Zkloh wklv lv d xvhixo dssurdfk/ d pruh frpsohwh wkhru| ri frvplf ud| wudqvsruw
zrxog hpsor| wudqvsruw frh�flhqwv edvhg sxuho| xsrq ghgxfwlyh sk|vlfdo sulqflsohv1 Vxfk d wkhru|
lv zhoo hvwdeolvkhg iru kdug~vskhuh vfdwwhulqj lq d pdjqhwl}hg sodvpd +Johhvrq/ 4<9<,/ dqg iru uhodwhg
h{whqvlrqv edvhg xsrq wkh Erow}pdqq htxdwlrq +Mrqhv/ 4<<3,1 Krzhyhu/ frvplf ud|v lq wkh vrodu zlqg
duh suhvxpdeo| vfdwwhuhg e| pdjqhwlf wxuexohqfh/ dqg khuh rxu xqghuvwdqglqj lv vhyhuho| olplwhg lq
d qxpehu ri gl�huhqw zd|v1

Prvw h{lvwlqj wkhrulhv ri fkdujhg sduwlfoh gl�xvlrq +Irupdq hw do1 4<:7> Mrnlsll ) Sdunhu 4<9<,
duh frqvwudlqhg e| wkh iroorzlqj srlqwv= +l, wkh| dsso| vwulfwo| rqo| wr vode wxuexohqfh> +ll, wkh|
duh olplwhg wr zhdno| wxuexohqw sodvpdv zlwk k�E2l�*2@Ef � 4> dqg +lll, wkh| duh ydolg rqo| li wkh
sduwlfoh j|urudglxv lv zhoo lq h{fhvv ri wkh fruuhodwlrq ohqjwk ri wkh wxuexohqfh +kljk hqhuj|2uljlglw|
dvvxpswlrq,1 Elhehu ) Pdwwkdhxv +4<<:, dwwhpswhg wr dgguhvv wkhvh olplwdwlrqv xvlqj wkh Wd|oru0
Juhhq0Nxer h{suhvvlrq +Wd|oru/ 4<55> Juhhq/ 4<84> Nxer/ 4<8:, iru wkh gl�xvlrq frh�flhqw lq whupv
ri wkh yhorflw| dxwrfruuhodwlrq/
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wr rewdlq �z/ wkh gl�xvlrq frh�flhqw ri fkdujhg sduwlfohv uhodwlyh wr d phdq pdjqhwlf �hog +vhh dovr
Irupdq/ 4<::,1 Lq wkh deryh y�+w, ghqrwhv wkh lwk Fduwhvldq frpsrqhqw ri wkh sduwlfoh yhorflw| dqg
k= = =l ghqrwhv dq hqvhpeoh dyhudjh +vhh/ h1j1/ Prqwjrphu| ) Wlgpdq/ 4<97,1 Dv d frqvhtxhqfh ri dq
Dqvdw} frqfhuqlqj wkh sduwlfoh yhorflw| dxwrfruuhodwlrq/ wkh| rewdlqhg wkh uhvxow
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zkhuh y lv wkh sduwlfoh vshhg/ �u @ y@
 lv wkh j|urudglxv/ � lv wkh udwh dw zklfk d sduwlfoh wudmhfwru|
ghfruuhodwhv iurp d kholfdo ruelw/ � @ 4@�/ dqg 
 lv wkh uhodwlylvwlf sduwlfoh j|uriuhtxhqf|1 Wkh
fruuhvsrqghqfh �z ' G%% zdv xvhg1 Wkh shushqglfxodu gl�xvlrq frh�flhqw �z hqwhuv wkurxjk wkh
frvplf ud| gl�xvlrq whqvru ��� @ +�8 � �z,e�e� . �z��� . ��%��&e&> zkhuh e lv d xqlw yhfwru lq wkh
phdq pdjqhwlf �hog gluhfwlrq/ �8 lv wkh sdudooho gl�xvlrq frh�flhqw/ dqg �� ghvfulehv wkh gl�xvlyh
h�hfwv dvvrfldwhg zlwk judglhqw dqg fxuydwxuh guliw +Mrnlsll hw do1 4<::,1

Fhqwudo wr wkh dssurdfk ri Elhehu ) Pdwwkdhxv +4<<:, duh +4, dq Dqvdw} iru wkh ixqfwlrqdo irup
ri wkh fruuhodwlrq ixqfwlrq ky%+w,y%+w . �f,l/ dqg +5, dq dgglwlrqdo Dqvdw} frqfhuqlqj wkh sk|vlfdo
ruljlq ri wkh ghfruuhodwlrq udwh � wkdw dsshduv lq wkh �uvw Dqvdw}1 Lq sduwlfxodu/ wkh udqgrp zdon ri
pdjqhwlf �hog olqhv lv suhvxphg wr jryhuq wkh j|urskdvh ghfruuhodwlrq/ dqg wkh odwwhu lv dvvxphg wr
eh wkh grplqdqw h�hfw lq fdxvlqj wkh idoor� ri wkh sduwlfoh yhorflw| dxwrfruuhodwlrq1 Lq wkh sduwlfxodu
fdvh ri pdjqhwrvwdwlf vode wxuexohqfh rqh kdv +Mrnlsll ) Sdunhu 4<9<> Elhehu ) Pdwwkdhxv 4<<:,
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zkhuh �} @ 5�@
 lv wkh sduwlfoh j|urshulrg/ dqg �S lv wkh fruuhodwlrq ohqjwk ri wkh pdjqhwlf �hog
lq wkh phdq �hog gluhfwlrq1 Htxdwlrq +6, lpsolhv/ iru k�E2l�*2@Ef � 4/ wkdw wkh phdq wlph iru
ghfruuhodwlrq h{fhhgv wkh sduwlfoh j|urshulrg xqohvv �u@�S ? +6�@5,k�E2l@E2

f 1 Dv srlqwhg rxw e|
Elhehu ) Pdwwkdhxv +4<<:,/ qrq0vode dqdorjv ri +6, fdq eh ghulyhg xvlqj pruh frpsoh{ prghov ri
�hog olqh wudqvsruw +h1j1/ Jud| hw do1+4<<9,> Srpprlv hw do1+4<<;,,1 Wkh dgydqwdjh ri wkh Dqvdw}
dssurdfk lv wkdw lw ghulyhv d ixqfwlrqdo irup iru �z zlwkrxw uhtxlulqj dw wkh rqvhw d wkhru| iru
wkh udwh ri ghfruuhodwlrq/ �1 Zh duh qrw dzduh ri dq| uhdvrq wkdw Ht1 +5, vkrxog qrw uhpdlq
d uhdvrqdeoh dssur{lpdwlrq iru � � 
/ � � 
 dqg �  
1 Suhylrxv wkhrulhv +Irupdq hw do1
4<:7, zhuh olplwhg e| wkh frqvwudlqw wkdw � � 
1 Iru pdjqhwrvwdwlf vode jhrphwu| rqh kdv/ iurp
+6,/ 
� @ e

�
+�u@�S,E
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f
@k�E2l1 Wklv lpsolhv/ iru vrodu zlqg �xfwxdwlrqv zkhuh k�E2l@E2

f
� 4/ wkdw

�u  �S/ zklfk sxwv d orzhu olplw rq wkh sduwlfoh hqhuj| dqg uljlglw|/ Ef�u @ msmf@mtm1 Wklv uxohv rxw
prvw ri wkh frvplf ud|v phdvxuhg e| vsdfhfudiw iru w|slfdo frqglwlrqv dw 4DX/ zklfk kdyh/ lq wklv
vhqvh/ lqwhuphgldwh hqhujlhv1

Lq wklv sdshu zh whvw wkh wkhru| suhvhqwhg e| Elhehu ) Pdwwkdhxv +4<<:, e| hydoxdwlqj wkh
shushqglfxodu gl�xvlrq frh�flhqw qxphulfdoo|/ hpsor|lqj d whvw sduwlfoh frgh1 Rxu sulpdu| dlp
zloo eh wr h{soruh wkh lqwhuphgldwh wr vwurqj vfdwwhulqj uhjlphv ghqrwhg e| � * 
 dqg � A 
/
uhvshfwlyho|/ iru zklfk wkhuh lv fxuuhqwo| qr rwkhu zhoo hvwdeolvkhg wkhru|1 Zh h{dplqh rqo| wkh
vlpsohvw fdvh ri vode jhrphwu| khuh/ sduwo| iru wkh vlpsolflw| lw r�huv/ exw pruh lpsruwdqwo|/ wr kdyh
d vlpsoh edvlv iru frpsdulvrq zlwk zhoo0hvwdeolvkhg dqdo|wlfdo wkhrulhv1 Qxphulfdo whvwv ri wkh wkhru|
iru gl�huhqw pdjqhwlf �hog prghov dqg/ lqghhg/ iru ydulrxv k�E2l�*2@Ef/ dzdlw ixuwkhu vwxg| ^krzhyhu/
vhh Jldfdorqh +4<<;, dqg Jldfdorqh ) Mrnlsll +4<<<,`1 Ixuwkhu ghwdlov ri wklv vwxg| zloo eh suhvhqwhg
hovhzkhuh +Pdfh ) Pdwwkdhxv 4<<<,1

2 ,^�@|�L?t @?_ ��4ih�U@* Ait|t
Iru pdjqhwrvwdwlf �hogv wkh pdjqhwlf �hog E+{> w, lv suhvfulehg dqg wlph lqghshqghqw/ dqg wkh

hohfwulf �hog H+{> w, lv lghqwlfdoo| }hur1 Wkh htxdwlrq ri prwlrq ri whvw sduwlfohv zlwk fkdujh t lv
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Wkh txdqwlw| �� lv wkh Doiy�hq furvvlqj wlph/ �� @ �@y�/ zkhuh � lv wkh wxuexohqfh fruuhodwlrq
ohqjwk/ dqg y� lv wkh fkdudfwhulvwlf Doiy�hq vshhg1 
 @ 
f@� lv wkh uhodwlylvwlf j|uriuhtxhqf|/ dqg

f � mtmEf@pf lv wkh qrq0uhodwlylvwlf j|uriuhtxhqf|1 Qrwh wkdw vlqfh H @ 3/ sduwlfoh hqhuj| lv



frqvhuyhg dqg khqfh � lv frqvwdqw1 Wkh sdudphwhu 
�� dulvhv dv d frqvhtxhqfh ri rxu fkrlfh ri
qrupdol}dwlrqv +Dpeurvldqr hw do1/ 4<;;,1

Whvw sduwlfoh vlpxodwlrqv zhuh fduulhg rxw lq d rqh0glphqvlrqdo er{ ri ohqjwk O @ 4333�1 Wkh
pdjqhwlf �hog/ E+},/ zdv vwruhg rq d julg ri vsdflqj �} @ O@Q zkhuh Q zdv dq hyhq lqwhjhu
zklfk zh �{hg dw Q @ 522 @ 74<76371 Hdfk vlpxodwlrq xvhg 4333 sduwlfohv1 Wkh pdjqhwlf �hog
frq�jxudwlrq zdv jhqhudwhg wkurxjk d vshfwuxp V+n, lq n0vsdfh1 Wkh �hog julgv lq uhdo vsdfh zhuh
wkhq surgxfhg yld lqyhuvh Idvw Irxulhu Wudqvirup +IIW,1 Wkh odujh qxpehu ri julg srlqwv hqvxuhv
wkdw erwk wkh wxuexohqfh fruuhodwlrq vfdoh � dqg wkh pd{lpdo j|urudglxv �u @ y@
 zhuh zhoo uhvroyhg1
Wkh odujh er{ vl}h/ O @ 4333�/ zdv fkrvhq wr uhgxfh wkh vxewoh h�hfwv ri er{ shulrglflw|1 Lq dgglwlrq/
wr dffxudwho| ghslfw wkh sk|vlfv ri shushqglfxodu gl�xvlrq/ zh qhhg wr dssur{lpdwh wkh h�hfw ri
O $ 41 Wklv surylghv d vwdeoh hvwlpdwh ri wkh srzhu dw wkh orzhvw zdyhqxpehu/ Wkh frqwlqxxp
olplw lv dvvrfldwhg zlwk zdyhqxpehu vsdflqj �n � 4@O $ 31 Zlwk rxu fkrlfh ri er{ ohqjwk zh
dfklhyh �n� @ 	5�@4333 * 	9=5;� 433�1 Iru ixuwkhu ghwdlo/ vhh Pdfh ) Pdwwkdhxv +4<<<,1

Iru rxu rqh glphqvlrqdo �hog frq�jxudwlrq wkh wxuexohqw pdjqhwlf �hog frpsrqhqw vdwlv�hg
�E+}, @ �E%+},h% . �E++},h+ zlwk wkh ixoo pdjqhwlf �hog jlyhq e| E+}, @ Efh5 . �E+},= Wkh
�xfwxdwlrqv �E%+}6, dqg �E++}6, zhuh jhqhudwhg iurp d glvfuhwh Irxulhu wudqvirup1 D vlqjoh uhdo0
l}dwlrq zdv xvhg wkurxjkrxw hdfk vlpxodwlrq uxq1 Lq doo wkh uxqv wkh vshfwudo ghqvlw| ri wkh pdjqhwlf
�hog �xfwxdwlrqv zdv sursruwlrqdo wr V+n?, @ +4 . n2?�

2,3D zkhuh � lv d phdvxuh ri wkh sdudooho
fruuhodwlrq ohqjwk ri wkh wxuexohqfh dqg � @ 8@9/ surylglqj d 2 n3D*� lqhuwldo udqjh/ mnm  4@�1
Wkh sdudphwhu � lv uhodwhg wr wkh wuxh fruuhodwlrq ohqjwk/ �S @ ��*2�+�,�@�+� � �

2
,1 Wkh sduwlfoh

srvlwlrqv zhuh ordghg udqgrpo| lq wkh vlpxodwlrq er{1 Lqlwldo yhorflwlhv zhuh lq d frog vskhulfdo vkhoo
glvwulexwlrq ~ wkh yhorflw| pdjqlwxgh y zdv khog frqvwdqw dqg d udqgrp frv � dqg ! zhuh fkrvhq
iru hdfk sduwlfoh1 Wkh wlph lqwhjudwlrq vfkhph lv d 7wk rughu Uxqjh0Nxwwd0Fdvk0Ndus phwkrg zlwk
dgdswlyh wlphvwhsslqj +Suhvv hw do1/4<<5,1 Gxulqj wkhvh uxqv zh prqlwru dffxudf| lq vhyhudo zd|v/
lqfoxglqj frpsxwdwlrq ri wkh udwlr +kHl � Hf,@Hf/ zkhuh H lv wkh hqhuj| ri d sduwlfoh dw wkh hqg
ri wkh uxq dqg Hf lv wkh lqlwldo hqhuj| ri wkh sduwlfoh1 Wkh kljk ghjuhh wr zklfk sduwlfoh hqhuj| lv
frqvhuyhg +zruvw fdvh lv wzr sduwv lq 43D, jlyhv xv vljql�fdqw frq�ghqfh lq wkh frgh*v dffxudf|1

� ��4ih�U@* +it�*|t
Iljxuh 4 vxppdul}hv d qxpehu ri uxqv lqyhvwljdwlqj shushqglfxodu vsdwldo gl�xvlrq1 Wkh �jxuh

looxvwudwhv wkh ehkdylru ri �z dv d ixqfwlrq ri �u@� dqg 
� +dqqrwdwhg dw wkh wrs ri wkh sorw iudph,1
Hdfk gdwd srlqw +�oohg flufoh, fruuhvsrqgv wr d qxphulfdoo| frpsxwhg ydoxh ri wkh qrupdol}hg gl�xvlrq
frh�flhqw �z@+�
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fruuhvsrqgv wr wkh wkhruhwlfdo uhvxow ri Elhehu dqg Pdwwkdhxv +4<<:,/ iru wkh vshfldo fdvh ri pdjqh0
wrvwdwlf vode wxuexohqfh wkdw zh kdyh dgrswhg1 Wkh �hog olqh udqgrp zdon olplw +IOUZ,/ lq zklfk
sduwlfohv dozd|v iroorz �hog olqhv/ lv jlyhq e| +7, diwhu ljqrulqj wkh rqh lq wkh ghqrplqdwru/ dqg lv
looxvwudwhg lq Ilj1 4 zlwk d grw0gdvkhg olqh1 Iru odujh ydoxhv ri 
�  4/ wkh IOUZ olqh fruuhvsrqgv
wr wkh wkhru| ri Irupdq hw do1 +4<:7,/ exw lw vkrxog eh hpskdvl}hg wkdw wkhlu wkhru| euhdnv grzq
zkhq wklv lqhtxdolw| lv qrw vdwlv�hg1

Vwulfwo| vshdnlqj/ wkh gdvkhg fxuyh vkrxog qrw eh h{whqghg ehorz 
� @ 4 dv wkhuh lv fxuuhqwo|
qr zhoo0hvwdeolvkhg wkhru| iru shushqglfxodu wudqvsruw lq wklv _vwurqj vfdwwhulqj% uhjlph1 Rqh re0
vhuyhv lq Ilj1 4 wkh yhu| jrrg djuhhphqw ri wkh Elhehu ) Pdwwkdhxv +4<<:, wkhru| +vrolg olqh,
zlwk wkh qxphulfdoo| ghwhuplqhg srlqwv/ surylghg wkdw 
� A 5/ ru/ htxlydohqwo|/ �u@� A 3=3441
Lq idfw ehwzhhq 
� @ 7 dqg 
� @ 4/ wklv wkhru| lv voljkwo| ehwwhu wkdq wkh IOUZ suhglfwlrq1



Iru 
� ? 5 wkh vlpxodwlrqv gl�hu vxe0
vwdqwldoo| iurp hlwkhu ri wkh wkhrulhv/
exw djuhhphqw zlwk wkh IOUZ olplw
lv vrphzkdw ehwwhu1 Ixuwkhu ghwdlov ri
wkh qxphulfdo phwkrg dqg wkh vlpx0
odwlrq uhvxowv iru shushqglfxodu gl�x0
vlrq duh jlyhq lq Pdfh dqg Pdwwkdhxv
+4<<<,1 Lq forvlqj zh qrwh wkdw uhfhqw
frpsxwdwlrqv xvlqj frpsrvlwh prghov
ri wxuexohqfh +Jldfdorqh dqg Mrnlsll/
4<<<, dsshdu wr eh frqvlvwhqw zlwk wkh
suhvhqw uhvxowv1 Hylghqwo|/ dqg lq vslwh
ri vrph uhfhqw surjuhvv/ d ixoo h{sod0
qdwlrq ri shushqglfxodu wudqvsruw zloo
dzdlw ixuwkhu wkhruhwlfdo lqvljkw1
Wklv uhvhdufk lv vxssruwhg lq sduw e|
QVI judqwv DWP0<:468<8 dqg DWP0
<949943/ dqg QDVD judqwv QDJ80
;467 +VHFWS, dqg QDJ80:4751
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Iljxuh 4= Qrupdol}hg �z yv1 �u@�1 Flufohv duh ydoxhv
iurp wkh qxphulfdo vlpxodwlrqv1 Vrolg fxuyh lv Elhehu dqg
Pdwwkdhxv +4<<:, wkhru|1 Grw0gdvkhg fxuyh lv IOUZ olplw1
Iru wkhvh vlpxodwlrqv k�E2l�*2@Ef @ 3=4 lv frqvwdqw1
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Dpeurvldqr/ M1/ Pdwwkdhxv/ Z1 K1/ Jrogvwhlq/ O1/ ) Sodqwh/ G1 4<;;/ M1 Jhrsk|v1 Uhv1/ <6/ 476;6
Elhehu/ M1 Z1/ ) Pdwwkdhxv/ Z1 K1 4<<:/ Dvwursk|v1 M1/ 7;8/ 988
Exujhu/ U1 D1 4<<3/ Sk|vlfv ri wkh Rxwhu Kholrvskhuh/ R{irug= Shujdprq/ 4:<
Fxpplqjv/ D1 F1/ Vwrqh/ H1 F1/ dqg Zheehu/ Z1 U1 4<<7/ M1 Jhrsk|v1 Uhv1/ <</ 44/87:
Gz|hu/ M1U/ hw do1 4<<: Dvwursk|v1 M1/ 7<3/ O448
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