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Abstract

An analyticd solution for the Greenis function of the fundamenthtranspot equatia of cosmt rays i.e. of
the Parker equation is presented Among the new features of the approab are a simultaneos dependence
of the codficient of spatid diffusion on the configuration as well as momentun spa® coordinats arnd an
incorporatian of wave-partick interactiors due to the effect of transit-time damping After the determination
of the transpot parametes for three turbulene modek the analytica solutiors are applied to the transpot of
anomalos cosmc rays.

1 Introduction:

Anomalots cosmt rays (hereafte abbeviated ACR) have been first detecte in the early seventies (e.g.
Garcia-Muna et al. 1973) This mainly low enggetic particles are thougtt to originake from neutrd atoms
which are swe into the heliosphee from the locd interstella medium becaus of the motion of the solar
systen relaive to this medium and that have becone subsequenylionized in the heliosphert spae by the
sola ultraviolet radiaticn or by chage exchang with sola wind ions (Fisk et al. 1974) Thes mostly
singly ionized atoms the so-callel pickup ions, are picked up by the sola wind electromagnetifields and are
convectad outward with this sola plasnaflow, while undegoing adiabatt cooling and momentum diffusionin
theambien wavefields Oncethey read the sola wind termination shock preacceleratkpickup ionsundego
diffusive shok acceleratio and creae the population of ACR (Pesss et al. 1981) After this acceleration
an as yet unknown fraction diffuses backwards into the inner heliosphee agains the sola wind, i.e. the
anomalos componehissubjecté to the effects of sola modulation Thiscauseswith decreasig heliocentric
distancer, a rapid decreas in ACR-densiy due to the outward flow of the sola plasha ard a shift of the
particle flux maximum to lower momenaresultirg from the adiabatt deceleratia by thisradially magnetized
diverging sola wind plasma In orde to take thes effectsinto accountone hasto use the appropria¢ equation
describimg the transpot of cosmct rays i.e. the Parker equation which was first delived 1966 by E. Parker
(Parker 1965) He has given a variety of solutiors for simplified case which show the effects of spatial
diffusion convection ard enagy loss.

In the pag 34 years many analyticd solutiors were presentd in the literature (e.g Fisk and Axford
1969 Gleesm ard Welb 1974 Cowsik and Lee 1977) Although thes solutiors descrile the effects of
sola modulatian and itstwo majar featuresthey still were not really exad in amathematiclbsen® becaus of
using approximatios and asymptott forms or making assumptioeabou soure functiorsin their deiivations.

It isthe purpo® of this pape to presentto the beg of our knowledge for thefirst time one of severd exact
solutiors of Parker's equationwhich are valid for arbitray sour@ functions All thes analytica solutiors are
determine by the codficient of spatia diffusion and hene they depeml characteristicajyl on the composition
and topology of heliosphert turbulence which will be considerd in the next sectian from the plasna wave
viewpoint We will do this for three differert modek of turbulence.

2 Spatial diffusion coefficients

Enagetic chaged particleslike cosmt raysin generdand in particula, the mostly singly ionized anoma-
louscomponehare embeddd in the sola wind plasnmaand therefoe they can interad resonantf with plasma
waves which arein thelow-frequerty range and in alow-G plasnamainly determind by their magnett field
component Hence the pha® spae distribution function of the particles adjug to a quasi-isotropi stae due
to pitch-ange diffusion This quasi-isotrops distribution function obeys the equatia of transport.



Wwithin the framewok of quagii near heory he coeéficient d spatal diffuson canbe defined as a ptch-
angle averaged Fokker-Planck coefficiéht,, which is determined by the composition and the geometry of
the plasma wave turbulence,
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wherep = p/p andv are the pitch-angle and the particel velocity, respectively.

In this paper we consider three different models of turbulence, i.e. on the one hand sheamw&lfies in a
slab turbulence (A) and on the other hand fast magnetosonic waves in an isotropic turbulence model (F). The
third model consists of a mixture of slab Afia waves and isotropic fast magnetosonic waves (M). Schlickeiser
(1989) and then Schlickeiser and Miller (1998) have calculated the coefficients of spatial diffusion for these
three cases. In their calculations they assumed for the plasma wave spectrum a Kolmogorov-like power-law
dependence above some minimum wavenunbgt with indexq > 1.

Considering, for simplicity, in wavenumber-space forward and backward propagating plasma waves with
same intensities and assuming equal spectral shapes, scales and equal intensitienainlffast mode
waves, that meangs = qr, kmin,A = Emin,F and(6B4)? = (6Br)?, and, furthermore, using the empirical
relationshipn(j) = anﬁ’) (a = const. < 1) and confining the considerations to large heliocentric distances,

ie. n,(f) ~ n@, one can find for nonrelativistic particles the following unified representation of the three

different diffusion coefficients, "
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wheres refer to the different models A, F and M. The reference valrufé),% are different but of the same
order of magnitude for all three models. Herandp are the heliocentric distance respectively the momentum
of the particle and the reference valugs = 1AU andp4 denote the Earth's orbit respectively the particle
momentum for particles propagating with Aéfiw speed 4. It has to be pointed out that especially the exponent
B is determined by the composition and geometry of the heliospheric turbulence, that@nearss— ¢ for

slab Alfvén wavesfr = 2 in the case of isotropic fast mode waves, #@iggd = 1 for the mixed turbulence.

3 The Parker propagator

After having established the relevant parameter of transport in three turbulence models, we have to enter
into the considerations with regard to the spherically symmetric, steady state transport equation for the quasi-
isotropic phase space distribution functiBfr, p),
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which describes on the left hand side the effects of spatial diffusion and spatial convection as well as convection
in momentum spaces(r, p) denotes the source function avidthe solar wind speed.

Using equation (2) and, for mathematical generalityy) = Vor® equation (3) may be manipulated such
that the following form results:
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Here we have introduced the new variables (see also Jokipii X9&7p and
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y(r,p) = —s —.
)= s a2,



Furthermore, wenave use the abbreviationsy = (1 +0 —a + “g*f)amb = (2+0)/(1 +0 — a).
The general solution for the distribution function can be expressed by the Green'’s futéian, 7, 70),
i.e Parker’s propagator,
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which has to satisfy, after appling the Laplace transform technique, the following ordinary and inhomogeneous
differential equation, which results from equation (4):
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Hereg(y, s) denotes the Laplace transformed Green’s functionsisdthe Laplace variable. The homoge-
neous part is the confluent hypergeometric differential equation, also called Kummer’s equation. Following
the standard method of solving such equations and constructing the Green'’s functions one can derive, hav-
ing executed the inverse Laplace transformation, the exact solution for the differential particle flux (Stawicki

1999): . s
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To simplify the notation we have introduced the functions
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f(p,po) =1~ <p>23+u5 and  h(r,r0,p, po) = ()
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as well as the modulation parametgr= y(ro, po). I(z) is @ modified Bessel function of the first kind. This
solution is valid for arbitrary source functions in which super-@affic charged particles of momentymare
injected continuously from a spherical source surface at ragiurgo the inner heliosphere. Notice that, in
contrast to the solutions of the last 34 years, no assumptions were made with regard to Kummer’s functions
or the source function. Consequently, equation (7) is an exact solution of Parker’s equation for the condition
a—4§0<1.
Considering small heliocentric distances, i.e. going into the inner heliosphere, one can obtain, with the aid
of the asymptotic form of the Bessel function at small radii, the expression
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j(r = 0,p) =

whereI'(z) is the gamma function. This approximation is finite and shows, that the ACR flux depends not
only at large but also at small distances, e.g. the Earth’s orbit, characteristically on the source functions and
their structure. In the same way we can approximate equation (7) for low momenja;-€, through the

form
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Notice, that for the case of p sufficiently small, we getx p?. That means the phase space distribution
function is constant as p approaches zero.



4 Conclusions

In this pape we presentd one of severd exad solutiors of the sola modulatio transpot equatia of cos-
mic rays All thes solutions which are determird characteristicayl and sensiitvely by the compositian and
topology of the turbulent wave fields are valid for arbitrar soure functions which contai radid dependence
as well as a dependeneof momentun and can be freely choosen In the simple$ case one can use a mo-
noenegetic injection at a fixed radius to the sun e.g the heliospherg distane of the sola wind termination
shock A more realistc dependenein momentum is the power-law or modified power-law injection of pre-
ard diffusively shock-acceleratEpickup ions at the so-callal heliosphert shock.

Comparisos of the correspondig solutiors detived with the analytica Parker propagato for this most
interestirg cae with ACR obsevwatiors (e.g Christian Cumming and Store 1995 shoull provide a very
usefu tod to addres the generaproblam of the radid variation of the spatiad diffusion of enagetic particles
within the heliosphere.

Besidesthese solutiors shout rende ached on compute codeswhich trea the sola modulatian problem
more general.
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